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ABSTRACT

In recent decades, anomalous and nonergodic diffusions are topical issues in almost all disciplines. In 2004, the
phrase “anomalous is normal” was used in a title of a Physical Review Letters (PRL) paper, which reveals that
the diffusion of classical particles on a solid surface has rich anomalous behavior controlled by the friction coeffi-
cient, meaning that anomalous diffusion phenomena are ubiquitous in the natural world. This review article first
builds the microscopic models (stochastic processes) to describe the experimentally observed phenomena of the
motion of the physical/abstract particles under the frameworks of continuous time random walks, Langevin pic-
ture, subordinated strong Markov process, etc. Beyond directly conducting statistical analyses on these stochastic
processes, we target on delving into these microscopic models to uncover their physical mechanisms and digging
out their potential applications. According to the application scenarios and the research requirements, we design
the appropriate statistical observables, e.g., the position of the particles, functional of the trajectories of the par-
ticles, probability of the first passage time, escape probability, etc. Then, we derive the governing equations of
the probability density functions of the statistical observables. We do the mathematical studies on the equations,
including well-posedness and regularity analyses, designing numerical schemes, performing numerical analyses,
etc. Finally, we present the applications of the models in chemistry and biology, and propose future prospects in

this research field.

1. Introduction

In nature, “motion” is constantly occurring in a variety of forms. As
the process of gene transcription initiates, RNA polymerase moves for-
ward along the DNA synthesizing mRNA and exhibits three different
states of motion: transcription extension, backtracking and backtrack-
ing recovery [1-3]. Molecular motors operate akin to efficient couriers,
tasked with the precise delivery of the newly synthesized mRNA to tar-
get sites [4]. The movement of neurotransmitter receptors on the post-
synaptic membrane displays an anomalous diffusion of the two states as
a consequence of the confinement of nanoclusters [5]. Ligand-receptor
interactions have been observed to trigger skipping in three-dimensional
media and sliding mechanisms on two-dimensional living cell mem-
branes [6]. Telomeres, special structures at the ends of chromosomes,
act as sentinels guarding against genomic instability, yet they are subject
to gradual shortening with each cell division [7,8]. In the processes of
polymerization and depolymerization, polymers exhibit Brownian non-
Gaussian kinetic characteristics [9]. In environments where molecules
are densely packed, tracer polymers exhibit anomalous diffusion [10].

The irregular connectivity of pore spaces gives rise to anomalous be-
havior in fluid flow and chemical transport processes [11]. In the broad
scope of ecology, the movement of animals across extensive spatial and
temporal scales frequently exhibits anomalous dynamical characteristics
[12,13]. To elucidate the essence of these natural phenomena and un-
cover the underlying physical mechanisms, scientists employ statistical
and mathematical tools to quantify the dynamical behaviors. Methods
for quantitative modeling across multiple scales are primarily catego-
rized into two types: one focused on simulating dynamics at the mi-
croscale, and the other dedicated to deriving or establishing evolution-
ary equations at the macroscale.

There are two commonly used modeling frameworks, the continu-
ous time random walk (CTRW) model and the Langevin equation. The
CTRW model [14] assumes that the process of particle motion is a wait-
jump periodic process, and that the waiting time z; and the jump length
¢; are two random variables satisfying the joint probability density func-
tion (PDF) ¢(x,1) = E[6(¢; — x)6(r; — 1)]. Therefore, the probability den-
sities for the waiting time and the jump length are y (1) = f_+oz° P(x,1)dx
and #n(x) = 0+°° ¢(x,1)dt, respectively. When the waiting time is in-
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Fig. 1. Particle trajectory of the CTRW model.

dependent of the jump length, one can obtain the decoupled form
@(x, 1) = n(X)w ().

For a given ¢(x, 1), the particle trajectory can be plotted as in Fig. 1.
The CTRW model has proven to be a robust and effective tool for quan-
tifying anomalous contaminant transport in porous and faulted geolog-
ical formations [15]. The CTRW model with a “long memory” waiting
time distribution has demonstrated its effectiveness in the financial sec-
tor. Assuming that the reaction waiting times for promoter transitions,
mRNA synthesis and degradation follow a general distribution, J. Zhang
et al. coarsely derive an iterative equation for the moment-generating
function of copy number of mRNA, which conveniently calculates mRNA
raw and binomial moments of any order [16]. E. Roldén et al. examine
the distribution of recovery time by describing the kinetic behaviour
of RNA polymerase during the retrospective recovery phase as a CTRW
[17]. Subsequently, W. H. Deng et al. expand upon the CTRW model
by introducing the multi-internal states modeling approach [18,19] and
the alternating states modeling method [20,21], and then also establish
the Lévy walk model in non-static media [22]. S. Fedotov et al. establish
a two-state nonlinear CTRW model to depict tumor-cell migration and
proliferation invasion [23]. An intriguing addition to the models is the
stochastic resetting process, which mimics the behavior of reverting to
the starting point to initiate a new search after an unsuccessful attempt
[24,25].

Langevin’s equation is an application of Newton’s second law “F =
ma” to Brownian particles, which has the form [26]

d?x(t) dx(t)
m = —my

dr? dt
where x(¢) is the position of the particle at time ¢, m is the mass of the
particle, —my d;(r') is the frictional force, and &,(¢) is the random force
(Gaussian white noise, due to the random collisions of the surrounding
molecules). When the random force is no longer white, the general form
of the Langevin equation can be written as

d*x(1) _
dr?

+& ), )

m

t !
—m / r-H " ar 4 50, @
1y

t

and the fluctuation-dissipation theorem gives the relationship between
the friction coefficient and the random force [27]. A. D. Vinales et al.
introduce a Mittag-Leffler correlated random force leading to anoma-
lous diffusion [28,29]. T. Sandev et al. study the analytical form of
the relaxation functions for the three-parameter generalized Langevin
equation [30]. The general form of the Langevin equation, where the
friction term is represented by the regularized Prabhakar derivative, is
discussed in [31], and the form incorporating a tempered memory ker-
nel is considered in [32]. Analyzing the “social forces” felt by pedes-
trians allows us to model their dynamic behavior as a set of nonlinear
coupled Langevin equations [33]. Reference [34] presents the Langevin
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Table 1
The scale limit relationships between the CTRW models and the subordi-
nated Brownian motions.

CTRW model subordinated Brownian motion
(1) <00, (&) < B(1)

(1;) < 00, & ~ |x|72-! B(S(1)

T~ ot <§’2> < oo B(E,(1)

T~ T G~ x| B(S;(E, (1))

equation for polymers engaged in polymerization/depolymerization re-
actions, by establishing a random diffusion coefficient that correlates
with particle size. Reference [35] presents the Langevin equations for
continuous time Lévy walks. X. D. Wang et al. present the Langevin de-
scription of the Lévy walk [36]. Y. Chen et al. then provide the Langevin
description of the Lévy walk with memory [37] and examine the impact
of an external force [38,39]. By making a stochastic scale variation of
time, one can construct the time-changed (subordinated) Langevin equa-
tion [40,41]. The path properties of the subordinated Brownian motion
have been investigated in [42]. Additionally, Ref. [43] has considered
the time-changed fractional Brownian motion, discussing the moments,
correlation structure, and so on. References [44-46] study the Langevin
equations for the subordinated Brownian noise of the tempered Mittag-
Leffler memory kernel. Let .S, (r) denote the strictly increasing a-stable
Lévy process (subordinator) with the well-known formula for its Laplace
transform (e *5«()) = ¢~**_ Define E, (1) = inf{z : S,(r) > t}, which de-
notes the left inverse of S,(r). Then there are scale limit relationships
between the CTRW models and the subordinated Brownian motions
[40,47], as shown in Table 1.

Based on the microscopic model, partial differential equations
(PDEs) governing the probability distribution of particle positions can
be derived by integral transformations [40,48-50]. It is also possible to
derive the PDEs from the macroscopic scale according to physical as-
sumptions. Furthermore, it is also possible to derive equations that de-
scribe the probability distributions governing the macroscopic statistical
properties of physical processes, which include the position functional
of the particle, the probability density of the mean first passage time,
and even the escape probability [34,51-53].

For the PDEs mentioned above, researchers also discuss the well-
posedness and regularity of the solution, as well as develop the corre-
sponding computational methods. The traditional numerical computa-
tional methods, such as the finite difference method, the convolution
integral method, and the variational method [54-59], provide effective
and highly accurate approximations for the solutions of PDEs, but their
computational complexity grows exponentially with the dimensionality
[59]. With the growth of data resources and computational power, deep
learning has become an important tool for solving high-dimensional
problems in scientific research. In recent years, a large number of deep
learning-based PDE solvers have been developed, most of which are in-
spired by traditional methods. In 2018, W. E et al. develop the deep
Ritz method, which uses deep learning to solve variational problems
corresponding to PDEs [60]. Least squares-based deep learning meth-
ods include the deep Galerkin method [61] and physics-informed neural
networks [62], which train models by minimizing the squared residuals
of PDEs. Weak adversarial networks [63] offer an approach to tackle the
weak formulations of high-dimensional PDEs utilizing adversarial learn-
ing techniques. J. Han et al. propose a deep learning method for solving
parabolic PDEs based on backward stochastic differential equations (BS-
DEs), called the deep BSDE method [64,65]. References [66,67] provide
posterior estimates of the deep BSDE method. Subsequently, H. Wang
et al. develop the deep BSDE method for solving infinite-dimensional
coupled polymer diffusion systems [68].

Based on the aforementioned discussions, this paper provides a com-
prehensive review of the research progress in multiscale modeling of
anomalous non-ergodic dynamical systems found in nature and offers
insights into future research avenues. The review is structured as fol-
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lows: In the second section, we delve into microscopic models, derive
the PDEs that govern the probability distributions of various statistical
observables, and present some theoretical statistical analysis results. The
third section is dedicated to the theoretical analysis and computational
methods for the macroscopic equations. In the fourth part, we show-
case some applications of the developed models in physics, biology, and
engineering. Lastly, we propose potential directions for future research
prospects.

2. Mathematical modeling

This research focuses on the motion of real physical particle or ab-
stract “particle”, for example, the fluctuation of the financial market. So
the first step is to use mathematical language to describe the motion,
that is, build the microscopic model (stochastic process) to characterize
the motion. Three types of microscopic models will be discussed here,
i.e., CTRW, Langevin equation, miscellaneous ones, including subordi-
nated Brownian motion, alternating process, and resetting process, etc.
Beyond conducting direct statistical analyses on these stochastic pro-
cesses, we target on delving into these microscopic models to uncover
their physical mechanisms, and digging out their potential applications.
To accomplish this, we initiate by designing the corresponding statis-
tical observables and deriving the governing equations that dictate the
probability distributions of these statistical observables.

2.1. Microscopic models

2.1.1. Continuous time random walks

In mathematics, CTRW is a stochastic process with arbitrary given
distributions of jump lengths and waiting times, originally discussed
by E. W. Montroll and G. H. Weiss [14,69]; and the CTRW is first ap-
plied to physical systems by H. Scher and M. Lax [70], where the ran-
dom variables of waiting times and displacements are independent and
identically distributed, respectively. For the past several decades, CTRW
model is used to describe different kinds of anomalous systems, ranging
from amorphous semiconductors to DNA molecules.

The CTRW model with multiple internal states is built in [19]. We
introduce multiple internal states to characterize some natural phenom-
ena, such as, traps in amorphous semiconductors and ionic currents
in cell membranes. Each internal state corresponds to a distribution
of waiting time and jump length, and the transitions between internal
states are described by a Markov chain with a transition matrix M. The
dimension of matrix M is n X n, where n is the number of internal states.
The element m;; of matrix M represents the transition probability from
state i to j.

Lévy walk is a CTRW model with the jump length determined by
the generated waiting time, i.e., for the waiting time 7;, the jump length
equals to vr;, in which v is the speed of the particles. The Lévy walk
with multiple internal states is built in [18], having the same structure
as the CTRW one.

2.1.2. Langevin equations

In physics, “external potential” refers to the potential energy im-
posed on a physical system by external factors or environment, generally
denoted as V' (x). The Langevin picture for depicting external potentials
offers significant advantages compared to the CTRW model. The dynam-
ical model of a Brownian particle subject to an external potential can be
represented in the Langevin equation, that is,

2
m dd’t‘z(’) = VY (x(0).1) - my¥
where V(x,1) is the external potential and y is the friction coefficient. If
considering the delayed effect of friction, one can use a natural general-
ization of the Langevin equation with external potential, known as the
generalized Langevin equation

d?x(1) dx(t)

1
= — _ G L
==V GO0 m/O r =)= =d + 50).

+&@), 3

m

@
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It is important to note that &,(¢) and &,(¢) in Egs. 3 and 4 are differ-
ent. Since both of them are internal noises, according to the fluctuation-
dissipation theorem [27] (friction and random driving forces come from
the same source), their correlation functions are

1 ! !
5(r) = W[E[Zjl ()& (f +1)]
and (VV(x,1) =0)

1 ! !
y(t) = W[E[gz(t )& +1)].

respectively, where kp is the Boltzmann constant and 7T is the abso-
lute temperature. It is observed in [71] that when colloidal beads dif-
fuse along linear phospholipid bilayer tubes or through entangled F-
actinnetworks, the motion of beads show Brownian yet non-Gaussian
dynamics. Later, the diffusing diffusivity microscopic model describing
this kind of phenomena is built as [72]

d

20— V2w, ®)
D(1) = y* (1), (6)
d
DO — )+ n00, ™

where, x(r) and y(r) (Ornstein-Uhlenbeck process) are stochastic pro-
cesses driven by independent Gaussian white noises &(r) and #(z), re-
spectively, and D(t) = y*(¢) provides the diffusion coefficient for x(¢). The
reasons for choosing the square of the Ornstein-Uhlenbeck process as the
diffusing diffusivity of x(¢) are threefold. Firstly, the non-negativity of
this choice avoids the need to add a reflecting boundary condition when
D(t) = 0, making the analysis easier to handle. Secondly, it ensures that
the dynamics of the diffusivity is stationary under the given correlation
time. Moreover, it also guarantees that the PDF of D(r) has exponen-
tial tails, resulting in a Laplace-like distribution for x() at short times.
Over long times, the particle’s motion with an effective diffusion coef-
ficient (D), = ,lir?o (¥*(1)) exhibits a crossover to a normal distribution.

The Brownian non-Gaussian diffusion induced by polymerization is dis-
cussed in [9,68], being modelled by Eq. 5 with the diffusing diffusivity
D(N (1)), where N(r) is the birth-death process satisfying

P(N(t+7)— N@) =k|IN({) =n)

a(n)t + o(7), k=1,
_ B(n)T + o(7), k=-1, 8)
- 1 —(a(n)+ pn))t+o(r), k=0,

o(7), otherwise,

with a(n), f(n) > 0 for n € N, and $(0) = 0.

2.1.3. Miscellaneous processes

In probability theory, the technique of time-changing for Brownian
motion is one of the important methods to build a new stochastic pro-
cess. First, one needs to define a time change process, e.g., a-stable Lévy
process S,(¢) with a € (0,1), and its inverse E, (7). Then, B(S,(r)) and
B(E, (1)), which are the time change to Brownian motion B(r), can be
respectively used to describe superdiffusion, being the 2a-stable Lévy
process, and subdiffusion. In fact, one can also build the stochastic pro-
cess B(S,(E;))) (f € (0, 1)) to characterize the competition between
superdiffusion and subdiffusion.

One can build multiple-state alternating stochastic process, for ex-
ample, a two-state alternating stochastic process [21], which alternates
between Lévy walk and Brownian motion, i.e., the sojourn times in the
Lévy walk and Brownian motion stages follow power-law distributions
with exponents a, and a_ (0 < a, < 2), respectively. This kind of pro-
cesses generally have several different scales and show strong anoma-
lous diffusion phenomena [21].

Resetting process is needed in some practical applications, e.g.,
search processes [73-76], stochastic algorithms [77,78], catastrophic
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phenomena in population dynamics [79-81], etc. A concrete example
is given as follows [25]: the position x(7) of the particle with an initial
position of x(0) = x,, at time 7 is updated by the stochastic rule

X

e

x(t) +dB(),

with probability rdz,

Xt +do) = { with probability (1 — rd1),

©))
where X, is a fixed position, r is the resetting rate, and B(r) is Brownian
motion. This stochastic process describes a Brownian motion particle
with Poissonian resetting, which, after a time interval dt, is reset to
position X, with a probability of rdr, and undergoes Brownian motion
with a probability of (1 — rdt).

The motion in non-static media is an important research field. In
biology, during the development of vertebrate embryos, cell migrations
occur on an underlying tissue domain in response to some factor, such
as nutrient. Over the time scale of days in which this cell migration
occurs, the underlying tissue is itself growing. In this case, the media is
an expanding one with scale factor a(r). Following the discussions from
(1)-(3) to (4) in [82], the original Langevin equation is modified as

dx(@) _ da) x()

dt dt a(t) + 0.

10)

2.2. Macroscopic equations

This subsection presents the governing equations of the probability
distributions of some typical statistical observations for the above built
microscopic models.

2.2.1. Fokker-Planck equations

Here we focus on the probability distribution of the position of the
particles [40,47]. The most well-known case is Brownian motion B(?),
its Fokker-Planck equation behaves as

{

If the particle performs subdiffusion, microscopically modelled by
B(E,(t)) or the corresponding CTRW or Langevin picture, the govern-
ing equation of the probability distribution of its position is described
as [47]

{

where (D!=* is the Riemann-Liouville operator defined as

W (x, 1
Ji
0o (t—1)
Similarly, the superdiffusion of the particle can be microscopically mod-
elled by B(S;("), or through the corresponding CTRW or Langevin pic-

ture. Its governing equation of probability distribution of the position is
given as [83,84]

{

where F{—(=APW (x,1)}(k) = —|k|PF{W (x,1)} (k).

More general case including possible normal diffusion, subdiffusion,
and superdiffusion can be microscopically described by the competition
model B(S;(E,(1))). The corresponding macroscopic equation behaves
as [85,86]

{

There are also more generalized models of the space-time fractional dif-
fusion equations by introducing general memory kernel [87-89]. The

W _
5 =AW (x.1),

W(x,t=0)=6(x). an

oW (x, -
PO = DI~ AW (x, 1),

W(x,t=0)=6(x), (12)

1 0

DWW (x, )= — —
DW= E S

WD AV W (1),

W(x,t =0) = 6(x), 13

WD) = DI~ (—(=AY )W (x, 1),

Wi(x,t =0)=5(x). (14)
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forward and backward Fokker-Planck equations for the polymer diffu-
sion with the microscopic model Eq. 5 and Eq. 8 are respectively de-
scribed as [34,68]

WD = £,W (n,x,1) + D)VEW (1, x, 1), (15)
W (n,x,t = 0) = g(n)é(x),
and
Wy (x0) 2
= Fopy Wi, (5, 1) + D(ng) VAW, (x,1), (16)
W, (x,1 = 0) = 5(x),

where £, and 7, are given difference operators defined as

um+ DWn+1,x,t) — u(n)Wn, x,1)
+An—=1D)W(n—1,x,1) — Am)W(n, x, 1),
u(HW (1, x,1t) — AO)W (0, x, 1),

n>0,
n=0,

LW(nx,t)=

and
H0) (Woaa (6.0 = W, (5.1))

+;4(n0)(W,,0_1(x, =W, (x, ;)), ny > 0,
MO (W) (x, 1) = Wy(x, 1)),

rnow/no(x’ 1=

ny = 0.

2.2.2. Feynman-Kac equations
We turn to the statistical observable A, which is the functional of the
trajectory of a particle x(r), defined as

t
A= / Ux(t"))dt',
0

with U(x) being a given function. Two types of Feynman-Kac equations
have been derived, respectively governing the joint distribution of A
and x() (called forward Feynman-Kac equation) and the distribution of
A with the process’s starting point x(0) = x,, as the parameter (called
backward Feynman-Kac equation).

First, we present the backward Feynman-Kac equation for the mi-
croscopic model with external potential and multiplicative noise. The
model behaves as
dx(t) _
Tdr
While &(r) can be white noise and g-stable Lévy noise (g(x) = 1), the
backward Feynman-Kac equations of Eq. 17 are respectively given as
[52]

9Gy (p1)
ot

—VV (x(®) + g(x(@)EM. an

Fx)A Gy (p.1) = YV (x0) - V. Gy (p.1)

— ipU ()G (p. 1) as)
Gxo(p»t = O) =1,
and
0G,, (p1) B/2
0= (=4 ) Gy (11 = YV x0) V. G 1) "

—ipU (x0) G (p. D).
G (pt=0)=1.

In the following, we provide the forward and the backward
Feynman-Kac equations for the microscopic models [86,90]: B(E,(1)),
B(Sy(1), B(Sy(E, (D).

The forward Feynman-Kac equations:

0Gep) _ Apl-a i

{ 20 = ADIG(x. p.1) — ipU(0)G(x, p.1), 0
G(x,p,t =0) = 6(x),
aG(x,p,t) — (A .

{—0, (=AY G(x. p.1) = ipU(X)G(x. p.1). on
G(x,p,t =0) =6(x),

and
0G(x.p) _ _ ABPl-a i

{—a, = —(-8)' D™ G(x, p,0) — ipU(NG(x, p,1), @
G(x,p,t =0) = 6(x),
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which will reduce to the corresponding Fokker-Planck equations when
taking p = 0.
The backward Feynman-Kac equations:

WGy 0t) _
o =D, 7" A Gy (p,1) — ipU (x0) G (. 1), 23)
Gy (pt=0)=1,
aG, (p.1) s .
072 = —(=8y,) Gy (1) = iPU(0)G, (p.), o4
Gy (p1=0)=1,
and
0G, (p.) _ P .
00— p} "(—(—AXU) )GXO(p, 1) = ipU (x0) Gy, (P, 1), 25)
Gy (p1=0)= 1.

The forward and backward Feynman-Kac equations for the polymer dif-
fusion with the microscopic model Eq. 5 and Eq. 8 are respectively de-
scribed as [34,68]

WD o £ Gln, x, p,1) + D()V2G(n, X, 1)

—ipU(x)G(n, x, p, 1), (26)
G(n,x,p,t =0) = g(n)é(x).
and
3G, <o ()
— = Fy Gy o (0. 1) + D)V, Gy (P 1) o

—ipU(x0)Gpy x, (P> 1)s
Gy (1 =0) = L.

2.2.3. Miscellaneous equations

The concept of first passage time, which is the moment when a ran-
dom variable first attains a specific value, has many applications, e.g.,
a consideration for investors deciding when to buy or sell stocks dur-
ing price fluctuations. Escape probability and maximum displacement
are closely related concepts to the first passage time and share similar
application scenarios. Consider the following stochastic process [53]

L) — YV (x(s)) + g(x(s)E (),

{ds

49 = g(s), @8
where 6(s) and &,(s) are independent of each other, #(s) is a tempered
a-stable Lévy process (6(s) is the corresponding noise), with the char-
acteristic function given by (e () = ¢=s(@+d"=4) "which results in a
a-stable Lévy process when the control factor A(> 0) approaches 0, and
& (s) is a p-stable Lévy noise.

The mean first passage time u(x) of the process defined in Eq. 28 from
the boundary of Q starting at the point x € Q satisfies [53]

{

Then, we calculate the probability pr(x) of the jump process defined in
Eq. 28, starting from the point x € Q, and firstly entering the domain I'.
The pp(x) is called escape probability solving

—VV(x) - Vux) — (=AY 2u(x) = —ai1,
u(x) =0,

x € Q,

x € Q°. 29

—VV(x) - Vpr(x) — (=AY pr(x) = 0,x € Q,
(30)

pr()|xer = laPr(x)|erL‘\1“ =0.

The microscopic model Eq. 3 can be rephrased as

do@) _ VYV &0

O - T m ro@+ =", 31)
)

dt :

The joint distribution f(x, v, 1) of x(r) and v(¢) solve the equation [91]

0f(x’U’l)= _Ui+i U+w +La_2
0x 4 m

m? ov? 32

of o0 ] S 0.0,
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which is called Klein-Kramers equation. While for the time changed mi-
croscopic model v(E, (1)) and dx(1) = dv(E, (1)), where v(t) is defined as
the first equation of Eq. 31, its Klein-Kramers equation is

d9f(x,0,1)
ot

— I—a| 0
_OD’ [dv(y

+ 02 f(x,0,1)
(33)

W\, 1P
o ) 4 L auz]f(x,u,t).

3. Analysis and algorithm

In this section, we shall analyze the well-posedness of above derived
equations in a general form and the regularity of their solutions if possi-
ble. Then we propose algorithms, classical numerical algorithms as well
as deep learning algorithms, to solve these equations. The analysis of
proposed algorithms is performed as well.

3.1. Macroscopic equation for the time-changed strong Markov process

All the above discussions start from Brownian motion. Here we dis-
cuss a more general form, starting from the strong Markov process X ().
Define the time-changed process Y (1) = X(E(r)), where E(z) is also ex-
tended to the inverse of more general subordinator with the character-
istic function e~"#(@, It can be noted that when ¢(z) = z¢, the subordina-
tor is exactly the above mentioned a-stable Lévy process. The stochastic
representation

u(x,1) = ¥ [ o SOy o) (34)

is the unique mild solution to the equation [41]

{a,“””(*)u(x, 0 = LuCx, 1) — k() Pu(x, 1), 35)
u(x,0) = f(x),

where £ is the infinitesimal generator of Y (). Moreover, the mapping
t — u(-,t) is continuous with |Ju(;, 1| < C,e',Cy,C, > 0, and a(x,z) =
f0°° e~?u(x, 1)dt, i.e., Laplace transform of u(x, 1), exists and satisfies

Lax,2) = ¢z + Uit 2) - £ ZEETED, (36)
z+U(x)
When f=1, ug(p1)=E% el UO@s|  solves the backward
Feynman-Kac equation
0" g (1) = Lutg, (pu1) = ipU )" (9.1 -
ux() (17, O) =1

Applying above results, one can calculate the PDFs of statistical ob-
servables (e.g., first passage time, occupation time and path integrals)
relating to Y (r). The key here is to get u(x,?) from Eq. 35 and Eq. 36.
We take first passage time of non-Markov anomalous subdiffusion as an
example and refer interested readers to [41] for other cases. Precisely,
for b € R, define
7, =inf{t >0 : Y(t) > b},

as the considered first passage time. Note that for p > 0, we have

Pz, > 1) = PX< sup Y(s) < b) = lim u,(x,1),
p—co

0<s<t

where
u,(x,t) =E* [e_”/ﬂr 1(')’°°>(Y»Y)d“]
p\Xs >

is a type of Eq. 34 with x(x) = pl( )(x) and f(x) = 1. By subtle tech-
niques and Eq. 36 (see [41] for details), it is found that

PNz + p)

(z+ )\ d(2) + Vd(z + )

By letting p — oo and taking inverse Laplace transform, one shall get the
probability distribution function of z,. For many problems, one cannot

-V |

ﬁﬂ(x,z) = l 1-
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solve Eq. 35 and Eq. 36 analytically. Hence, one may apply typical nu-
merical methods or fast numerical methods; see [92-95] and references
therein for constructions of numerical methods and corresponding error
estimates.

3.2. Space fractional diffusion equation

Consider the two-dimensional space fractional diffusion equation
with variable coefficients [54,55]

du(x,t) « «
D - (dl(x)XL D +dy(x), D%, )u(x, 0

(1), DI+ (0, D8 Yt 1) + £ (x.), (38)
where x :=(x,),0<t<T, a,p € (1,2) are fractional orders, variable

coefficients d,,d,,e;,e, >0, and f are given functions. Here, zero
boundary condition and initial condition

u(x,0) = uy(x), x€Q:=(xp,xg)X¥r,Vr):

are imposed. Recall that . DY and ,Df are left and right Riemann-
Liouville fractional derivatives [96] defined by

x, Dutx, 1) 1“(2 > o 2/ (x = &' u(g, y, tyde
and
. gku(x,t): 1_(2 > ax2/ (€ = )" u(E, y, ndé,

respectively. Note that YLDV and nyR can be similarly defined. To
obtain high order numerical methods for above problems, one of the
most important things is to construct high order approximations to left
and right Riemann-Liouville fractional derivatives. We have proposed
weighted shifted Griinwald-Letnikov discretization (WSGD) [55] and
weighted shifted Lubich discretization (WSLD) [54] that achieve sec-
ond order accuracy and fourth order accuracy respectively. Both meth-
ods obtain high order accuracy by assembling low order difference op-
erators with appropriate weights and shifts. Since Griinwald-Letnikov
difference operator can be regarded as a special case of Lubich differ-
ence operator (i.e., fractional linear multistep method [92]), we may
present them in a unified way.

The fractional linear multistep method, which is proposed by Lubich
in 1986 [92], can handle Riemann-Liouville type fractional derivatives
well with uniform mesh. This method may be characterized by its gen-
erating function

L a
50 = (Z - c>") :
i=1

where L < 6 and a > 0. Note that

* a =1, it reduces to classical L + 1 point backward difference for-
mula;
» L =1, it is the same as Griinwald-Letnikov difference operator.

It is shown in [92] that the fractional linear multistep method typi-
cally gives L-th order accuracy. However, for time dependent problems,
a direct application of this method to a space fractional operator with
a € (1,2) often results in an unstable numerical scheme. This can be
overcomed by shifting the underlying fractional multistep method. Un-
fortunately, it reduces to first order accuracy for all possible L after
shifting. Inspired by linear multistep method, we find that a linear com-
bination of different shifted first order difference operators leads to high
order accuracy.

More specifically, the shifted Lubich’s difference operator is defined
as

(s
Apu(x) 1= h™ ) gptulx = (k= p)h),
k=0

664

Fundamental Research 6 (2026) 659-671

where qZ’L is the coefficient of Taylor expansion (|{| < 1)

[o]
Q=Y gtk

k=0
It is only of first order accuracy if p # 0 as least for L < 2. Assembling
the operators with different shifts, high order approximations can be
constructed.

WSGD method [55] (L = 1): A linear combination of two different

shifts p, g gives

_2q

a 2p —
2(p—

2(p—

o a,l
q) Ah,q

“lyx) +

a,l
LD Q)

h.p.q

u(x) = u(x).

Under appropriate assumptions, it is proved (mainly using Fourier trans-
form) that this approximation achieves second order accuracy for left RL
fractional derivatives. Similar results can be derived for right RL frac-
tional derivatives; see Remark 2.5 in [55]. Combining this with Crank-
Nicolson method gives a high order numerical scheme for space diffu-
sion equation. The numerical scheme is proved to be unconditionally
stable when (p,q) = (1,0) and (p,q) = (1,—1) as the eigenvalues of the
matrices corresponding to the discretized operators have negative real
parts. Moreover,

W' = U"|| < C(* + b + 1),

where || - || denotes discrete L, norm, and 7, h,,h, are stepsizes. As
demonstrated in [55], a linear combination of more than two shifts can
achieve at least third order accuracy. However, the resulting numeri-
cal scheme may not be unconditionally stable for some « which greatly
limits its usage.

WSLD method [54] (L = 2): A linear combination of four different
shifts. It can also be obtained by the following way.

« second order: a linear combination of two first order approximations
(r#q)

a2

L Dh,p,q

u(x) = —A"2 (x )+—A"2 (x).
p—

third order: a linear combination of two second order approxima-
tions (rs # pq)

— a,2 a2
Lthqrsu(x) = wy 1Dy ) + wy Dy u(x),
3rs+2a 3pg+2a
where w, = and w, = 21—,
L™ 3s—pa) 27 30g-rs)

fourth order: a linear combination of two third order approximations

a2

D les
L™ h.p,q.r.s..G.F, ) =

w; DY u(x) + wy LD _,__u(x)

hpqrs h,p,4,F,5

where w; and w, are constants (see Theorem 2.4 of [54]).

Similar to [55], a Crank-Nicolson method is used to derive fully
discrete numerical scheme. Applying similar techniques as in WSGD
method, for some reasonable shifts, the proposed numerical scheme is
shown to be unconditionally stable. Moreover,

lw" = U"|| < C(* + b + h3).

Following the above constructions, there are two possible exten-
sions to get higher order accuracy: i) starting from fractional multistep
method when L > 3; ii) using advanced correction techniques to recover
high order of shifted operator for L > 2 and then assembling them ap-
propriately.

3.3. Tempered fractional Laplacian

From [49], it is found that the PDF of above mentioned Lévy flight
and tempered Lévy flight formally satisfies (see (20)-(22) and (31)-(33)
in [49])

6u(x t)

x€EQCRY,
dt

—(=A+ VP Pux, 1), (39)
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where
u(x, 1) —u@y,n
—(—A+ N Pu=c l1m/ —
404 0 Jiaa by e [ — yld B
. . . : _ _Td/?)
is tempered fractional Laplacian of u, with ¢; 5 ; = 7 Tr ) for >0

Br((d+p)/2)
21=Bzd/20(1-4/2)
to tempered fractional Laplacian which is beyond the scope of this work;
see [97] and references therein for details.

Note that Eq. 39 is a time dependent problem. Hence, one needs
to specify initial and boundary conditions to make it well defined. The
initial condition can be easily specified as the value of u(x,0) in domain
Q. However, specifying the boundary condition is not trivial as the above
mentioned Lévy process and tempered Lévy process have discontinuous
paths. As a consequence, the majority of trajectories of these stochastic
processes cannot hit the boundary 0Q. Therefore, one must account for
the information of u(x,t) on RY\Q. In [49], generalized Dirichlet type
and Neumann type boundary conditions are discussed. Here, we focus
on the former one. As illustrated in [49], the appropriate generalized
Dirichlet type boundary conditions (refer to (40)-(42) and (49)-(51) in
[49]) are

andc, ;0= for 4 = 0. There are more discussions relating

u(x, Dlpa\g = g(x, 1),
where for some constants C, M > 0 and small ¢ > 0, when |x| > M,

g(x, 1) should satisfy

lgCx, 0]
|x|f=e
if A =0 and

lg(x, 0l
e(A—e)lx|

<C,

if 2> 0 respectively. Under proper assumptions of g(x,r), the well-
posedness of above time dependent equation is proved for 1 =0 (see
(71)-(75) in [49]) and it is claimed that the results for the case 4 >0
can be similarly derived.

In some situations, for particles undergoing Lévy flights or tempered
Lévy flights, the mean first passage time of particles and escape proba-
bility of particles are important. They are closely related to the corre-
sponding steady state equation of the time dependent Eq. 39 which is
given by

{—(—A + PPu(x) =
u(x) = g(x),

f(x), xeqQ,

x € RI\Q. “0)

If f(x) =
ticles. If f(x)

1, xe€ HcRN\Q,
g(x>={ N \

—1, g(x) = 0, the solution is the mean first passage time of par-
=0and

0, xe€ (RN\Q\H,

the solution represents the probability that particles land in H after first
escaping Q.

Now, we discuss the well-posedness of Eq. 40 and the regularity of
the solutions of Eq. 40 when g(x) = 0. For simplicity, let us first introduce
some notations that is adopted in [98,99]. For 0 < s < 1, define

HY Q) ={v e LXQ) : [vlpsq) < 0},
where
1/2
(W(x) — v(y)? )
5 ——————dxd s
W@ = (/ /ssz TER G
and
H'™@Q)={ve H'(Q) : |d,v] € H'Q),1<i<d}.

H*(Q) and H'*5(Q) are equipped with norm loll sy = 1ol 2 +
d .

[0l s and (|0l giesqy = 10l g1y + Xiey 10y, Ul s respectively. Fur-

ther, let

H'(Q) = {vlg : v € H' RY), v|ga\g =01,
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and H™5(2) be the dual of H*(Q).

For 1 =0, by standard techniques, it is shown in [98,99] that for
f € HP/2(Q), there exists a unique solution u € H//2(Q) of the weak
formulation of Eq. 40. Moreover, if f € H"(Q) for some r > —§/2, we
shall get that u € H#/2*7(Q) with y = min{/2 + r, 1/2 — ¢} for arbitrarily
small ¢ > 0 and

”u”[H]ﬁ/2+Y(Q) < C”f”H'(SZ)»

holds for smooth domain Q. If Q is not smooth (e.g., Lipschitz domain),
then u € HA/2t1/2-¢(Q) and it holds that

||u||[H|ﬂ/2+l/2—f(g) <Clfll

where || - ||, is some norm (see Theorem 3.3 in [99]). By defining ap-
propriate weighted Sobolev spaces, an improved regularity result can
be obtained (see Theorem 3.5 in [99]).

For 4 > 0, we consider d = 1 [56]. Suppose that f € H#/2(Q), the
weak formulation of Eq. 40 reads: find u € H#/2(Q) such that

(f,0)s

where the duality pair is defined by (f,v) :=
form is given by

Ly / (uCx) — u())(w(x) — v(y)
2 R JR

eMX_Y| |x — y|1+ﬂ

B(u,v) = Vo € H/2(Q),

Jo fvdx and the bilinear

B(u,v) := dxdy.

Similar to [98], using the Cauchy-Schwarz inequality, it is straightfor-
ward to show that the above bilinear form is continuous. Due to the ex-
istence of the term e#*~Y, the method in [98] cannot be used directly to
prove the coercivity of B(u, v). Fortunately, for Q = (a, b), we are able to
prove that B(u, v) is coercive by introducing some new ideas (see Propo-
sitions 3.2 and 3.3, Theorem 3.4 in [56]). Hence, by the Lax-Milgram
theorem, Eq. 40 admits a unique solution. Based on the above results,
a Riesz basis Galerkin numerical method is proposed in [56]. Using B-
splines M,(x) and M,(x) [100], i.e.,

1, x€[0,1], !
M = d M. = M —1)d
10 {0, otherwise, 2() /0 1(x = ndt,
the approximation space V,(r=1lorr=2)is constructed as below
= (¢ () =2"2M,Q2"x = j),j =0,1,-,2" = r},

for some n satisfying 2" > 2r. We aim to find the numerical solution
u, € VI such that

B(u,, v,) = (/. 0,),

For u € H*(Q) N HP/2(Q) (u > $/2), it is shown that the numerical solu-
tion has the following approximation property

Vu, €V, .

—_ 1 = 2
llu = w |l oz gy < C27" MBI ]| o -

3.4. Tempered fractional Feynman-Kac equation

Analyzing functional distribution of tempered anomalous dynam-
ics is one of the feasible approaches to characterize it. As illustrated
in Section 2, such a functional distribution is typically governed by the
tempered fractional Feynman-Kac equation [51,57]. In this part, we aim
to introduce an efficient time discretization method for solving the fol-
lowing equation

D, (x)u(x,1) — (A% + A)YD!~®u(x, 1)

= —uy) (4D — )PV @b

with initial condition u(x,0) = uy(x),x € Q@ c R?, and zero boundary
condition. Here, p is the parameter representing the characteristic func-
tion of the joint probability of (x(f), A) with A = /ot U(x(r))dt, D,(x) is
the substantial derivative given by

D,(x) :=A—-ipU(x)+ %,
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and Z),1 “%(0 < a < 1) is the Riemann-Liouville fractional substantial
derivative given by
. 1 ! o= (=5)(d=ipU(x))
D, u= —D,(x)/ ————u(x, s)ds.
I'(a) o (-9l

Let us start with the well-posedness of Eq. 41. The analysis is based
on the integral representation of u, which is derived mainly using
Laplace transform and inverse Laplace transform. In fact, taking Laplace
transform of Eq. 41 gives

n(z)
z—ipU(x)’
where i(x, z) is the Laplace transform of u(x, t), f(z), and #(z) are given
by
p(z)=z+A—ipU(x) and n(z)=p(z)* — A%,

(n(z) — M)~ a(x, z) = uy(x)p(z)' ™ 42)

respectively. After getting an explicit expression of i(x, z) and then tak-
ing inverse Laplace transform, one obtains
> dz,

I,

where I’y is a contour (see (2.25) in [57]). Under appropriate assump-
tions, it is proved that the above integral representation is the mild solu-
tion of tempered fractional Feynman-Kac Eq. 41 (see Proposition 3.1(3)
in [57]). One can note that the analysis is one of the main results in
[57] and the integral expression is very important in the analysis of the
numerical method in what follows.

Now we present the time-stepping scheme that is derived from the
discretization in frequency domain, i.e., discretization based on Eq. 42.
To this aim, we first construct an approximation of D! ~*u(x, ,) in spatial
domain. Then the final discretization is motivated by relating a trans-
formation of this approximation to the Laplace transform of D!~u(x, 7).
More specifically, we have

uy(x)n(z)

1
u ) =55 z —ipU(x)

P e B(2)*  (n(z) — &)™ <ﬂ(z)““
Tl

K

+ Approximation of D! ~®u(x,1,). By straightforward calculations, it is
observed that

0

17
. ) “ (iU Cutx0).

DI=%u(x, 1) = e—ru—ipU(x»(
, s

where (i
ot

tive defined by

(%)liau(x, 1)

11—
Approximating (%) au by backward Euler convolution quadrature

1-a
) u is the standard Riemann-Liouville fractional deriva-

1 0

1
- Y _ el
T /0 (t— )" u(x, s)ds.

n
G-, — 1 (1-a)
T n rl-a n—j
j=1

Mj,

where 7 is the time step size and bil__j") is the coefficient (see (2.5) in
[571), one can obtain an approximation of D,l ~"u(x,t,), that is,
Z‘)l—aun(x) c= e—t,,(/l—ipU(x))é;—(x (et,,(ﬁ—ipU(x))u(x,l)).

.

Transformation of D!=%u,(x). It is found that
_ 1— e—r(/l—ipU(x))c
D™ u,(x)¢" = <—T >

Noticing that the Laplace transform of D!~“u(x, 1) is given by

l-a o

D u,(x)¢"

n=1

[

>

n=1

ﬂ(Z)]_aﬁ(x,z)=/ D,'_"u(x,t)e_’zdt
0

Z_)l_“un(x)e_’"z.

T

M

n
Taking ¢ = e~"% and comparing above results motivate us to consider
the following approximations

©

a(x,2) & T Y u,(x)e .

n=1

1— e—r(z+l—ipU(x))

) —————,
T
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We also apply above approximation of f(z) in #(z). For 1/(z—
ipU(x)), we use te "GPV /(] — =7(z=iPU(X)) instead of z/(1 —
e~7(z=iPU)) for analysis purpose.

Based on the above discussions, the resulting numerical scheme is
obtained, that is,

(D% - 2% = A)D ™, (x)

=u01_)1_“(1_)’j — A%)elPU Ity n>1.

Applying Cauchy’s integral formula, we are able to get an integral ex-
pression of u,(x). With the help of explicit expressions of u(x, ) and u,,(x),
it is proved that (see Theorem 3.3 in [57])

-1
luC-,1,) — un”M(Q) < C””()”M(Q)tn T, nx1,

where || - || ) denotes the dual norm of C(Q).

3.5. Equation driven by fractional Gaussion noise

Let us first briefly describe the equation considered in this part. As-
sume that Q is a bounded domain, let B(¢) be a standard Brownian mo-
tion with B(0) € Q and S(¢) be a g-stable subordinator. Define a stochas-
tic process X(¢) as follows

X(1) = {

where 7 = inf{r > 0 : B(r) ¢ Q} is a stopping time of B(r) and O is a
coffin state. From [101], it is seen that the infinitesimal generator of
X (1) is the spectral fractional Laplacian operator (—A)? (§ € (0, 1)) that
is defined by

B(S®),
0,

S < Q0
8(t) > 7q

o
=8 u= Y 2w, )by
k=1
where {Ap P, are eigenvalues and eigenfunctions (in L*(Q)) pairs
of —A with zero boundary condition. Then, the Fokker-Planck equation
relating to X (7) time changed by the inverse a-stable subordinator is

ﬂ+(
ot

0

ot

If there exists external fractional Gaussian noise and external source
term depending on the density of particles, then we get the fractional
diffusion equation driven by fractional Gaussian noise [58]

ou
o+ (

)H(—A)ﬂu =0.

0

ot “3)

1-a .
) (=Au= fu)+ WQH, xeQ,te(0,T]

with zero initial and boundary conditions. Here, f is a nonlinear term
satisfying

||f(u)||L2(Q) <Cl+ ”u”LZ(Q))’ [If () — f(U)”LZ(Q) < Cllu- U”L2(Q)-

WQH is the fractional Gaussian process defined by

)
WQH = z VAk(kakH’
k=1

where {W,}* are one dimensional fractional Brownian motions that
are mutually independent, H € (0, 1) is the Hurst index, and Q is a non-
negative linear self-adjoint operator that has the same eigenfunctions
with —A. The corresponding eigenvalues of Q are denoted by {Ak}:’:l.

Now we are ready to discuss the regularity of the mild solution
of Eq. 43. First, an equivalent expression of the mild solution is given
by taking Laplace transform and inverse Laplace transform, that is,

u= [ R(t = r)fu(r)dr + [ R(t = r)d W)
= Jo R =) f@rddr + Ty fy VACE( - N dWH (1),

where

1
R({) = —
® 2xi

/ 212" + (-A)) Mdz
To
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and

1

Ek(l) = 2—7”

/ e (2 + A5y ldz

T

with I’y . being a contour as above.
Then applying estimates of R(¢) and E,(r) (see (2.5) and (2.6) in
[58]) and the regularization of noise (see Lemma 2.6 in [58])

T " 2 9
[E[(/O (T = rdW, (r)> ] <C (E

one can get the spatial regularity and temporal Holder regularity of the
mild solution u under appropriate assumptions, i.e.,

2
g

B

>1 /2-H
L2([0,T])

2
[E[II(—A)”u”2 W

@] <G [E[

] <c,
LX(Q)
for some ¢ and y (see Theorems 2.8 and 2.9 in [58]).
Next, we present the numerical method in [58]. The main idea is
to apply spectral Galerkin method to discretize the fractional Laplacian

l1-a
and backward Euler convolution quadrature to discretize (i) u. The

ot
procedure is as follows:

1. Semidiscrete scheme. Using the above eigenfunctions, define a finite
dimensional space V) as

Vy =span{¢,, . ¢y} C LX(Q).

Our objective is to find uy(¢) € V such that

{

where Pyu= Z,’i \(u, ), is a projection of L*(Q) onto Vy and
(=A)y : Vy = Vy is defined by

1-a
12 9
2t (2) A = Py fluy) + PyW

ot
uyn(0) =0,

(44)

((=D)yun.vy) = (=AY up.vy), Yoy € V.

Obviously, Eq. 44 has a similar form to Eq. 43. Hence, by similar
techniques, one can obtain an explicit expression of uy (7) as well as
the corresponding estimates. Further, one can get the spatial error

1/2
Eflu—uy ] < CON 172000

. Fully discrete scheme. The further discretization is based on Eq. 44.
In fact, applying standard finite difference to % and WQH in Eq. 44,

1-a
and backward Euler method to time fractional term (%) in Eq.
44, one can get the fully discrete scheme of Eq. 43
0.ty + 0L (D) Uy = Py Sy D) + Pyo. Wi ,),
where 0,u(1,) = “2=“t=1) and 1= is the same as before.
With the help of a proper transformation, one can also obtain an
explicit expression of u}, in a form similar to the one of uy (#). In this
manner, for sufficiently small ¢ > 0, one can derive the following
temporal error

) 1/2
_n < H—-pa/s—e
[E[“uN(t") uN”L2(Q)] <Cr ’
where 0 < p < min{sH /a,s} with0 < a < 1.

Using the above derived spatial and temporal error, by triangle in-
equality, the numerical approximation error is given by

2 1/2 B
R N !
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3.6. Semilinear parabolic PDEs with infinite dimensional coupling

In [68], Fokker-Planck equations and Feynman-Kac equations that
describe some statistical observables of polymer dynamics models are
derived. These equations can be reformulated as semilinear parabolic
PDEs with infinite dimensional coupling
{ w + Tu(n, x,t) + Tou(n,x,t) + f =0,
u(n,x,T) = g(n, x).

Here u : N x RY X [0, 00) — R is unknown, 7, and 7, are operators de-

fined by
Tou(n) := a(0)(u(1) — u(0)),
" ' a(m)(u(n + 1) — u(m) + p(m)(u(n — 1) — u(n)),

where a(n), f(n) are given functions and

(45)

T, = %Tr((aoj)(n, X, I)Hessx) + pu(n, x,1) -V,

with 4 € R?, 6 € R?*¢ being vector-valued and matrix-valued functions,
respectively, g and f = f(t,n, x,u(n,x,1),0! V u(n,x,t)) being scalar-
valued functions.

Because of the operator 7,,, Eq. 45 becomes an infinite dimensional
coupled lattice system. It is extremely difficult to solve it by traditional
numerical methods if it is not impossible. Hence, we turn to deep neural
network method. To be specific, we are going to extend standard deep
BSDE method [64,65] that works well for high dimensional nonlinear
PDE:s to infinite dimensional systems Eq. 45.

If there is no operator 7, then standard deep BSDE method can be
applied directly to Eq. 45. Roughly speaking, one needs three steps to
construct a standard deep BSDE method [65], i.e.,

« Step 1: construct a stochastic process X(7),

dX(t) = udt + cd B(1), X(0) =x,

the infinitesimal generator of which is exactly 7,.

Step 2: derive a BSDE by applying It6’s formula to u(X(¢), ¢) first and
then replacing u(X(¢),7) and 6V ,u(X(?),t) by new notations Y (f) and
Z(1). In this manner, one can get

dY (1) =—f(t. X®),Y (), Z0)dt + Z()TdB(),
Y(T) = g(X(T))

with (Y(1), Z(1)) = (X (1), 1), 6V, u(X (1), 1)) being the unique solution.
This together with Step 1 gives so-called forward-backward stochas-
tic differential equation (FBSDE)

X)) =X©0)+ [y uds+ [} cdB(s),
YO =YD+ [ fds— [ Z(s)"dB(s)
X(O0)=x, Y(T)=gX(T)),

Hence, Eq. 45 without operator 7, can be formulated as a constrained
optimization problem below

inf [E[|YT - g(XT)|2],

Yo.{Zi}o<i<r

such that

{

Step 3: solve above optimization problem by discretizing constraints
and approximating Y (0) and Z () via independent neural networks.
Since Y (0) = u(X(0),1 = 0) = u(x, 0), one can get an approximation of
u(x,0).

X(1) = X(0)+ [y uds + [, odB(s),
YO =Y0)— fy fds+ [y Z(s)TdB(s).

The deep learning method in [68] follows a similar procedure as
above and handles issues incurred by operator 7,,. The first issue is to
find an appropriate stochastic process whose infinitesimal generator is
7,. Unfortunately, it is not easy to find such a process. This may be
overcomed partially by its microscopic description, i.e., the birth-death
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process N(¢) that satisfies Eq. 8. Since N(¢) is essentially a jump process,
we are not able to eliminate 7, totally as 7. In fact, applying Itd’s for-
mula to u(N(t), X(¢),1), one can get the following BSDE (see Lemma 2.1
and Theorem 2.1 in [68])
du(N(t), X(1),t) =—fdt + [V, u]" od B(t)+

Su(t, n; N(t=)J(dt, dn; N(1=)) (46)
Z\{0}

with terminal condition u(N(T),X(T),T)=g(N(T),X(T)). Here
Su(t,n; N(t=)=u(N (=) + n, X (1), )—u(N(-), X (¢),1) and J(dt,dn; N(1—))
is a compensated counting random measure (see (2.4)-(2.6) in [68]).
Obviously, one can approximate u(N(0),X(0),0) and [V.u]"c in
Eq. 46 by independent neural networks as in Step 3.

The remaining term in Eq. 46 is the second issue that we need to
deal with. It can be noted that for the above birth-death process

/ Sut, n; N(t=))J (dt, dn; N(1-))
z\(0)

= [u(N@®), X(0),1) — u(N (t-), X (1), n]dt
—a(N(@=-))u(N@=) + 1, X(0), 1) — u(N (=), X (1), n]d?
—P(NE=DI(N (=) = 1, X, 1) —u(N (t=), X (1), )]d1,

where u(N(r—) + 1, X(¢),t) are unknown. One may also approximate
them using neural networks as in Step 3. For simplicity, we devise a
vector-valued neural network to approximate Su(t, +1; N (r—)) directly.

Till now, we have addressed two main issues encountered when ap-
plying deep BSDE method to Eq. 45. The full deep BSDE method for
Eq. 45 can be derived easily following steps 1-3. We omit details here
and refer interested readers to our work [68].

4. Applications in chemistry and biology
4.1. Modeling telomere shortening process

Aging is a complex biological process influenced by genes, environ-
ment, and lifestyle; and investigating its molecular and cellular changes
can uncover potential mechanisms and intervention strategies. Telom-
eres are specific DNA sequences at the ends of linear chromosomes, and
their shortening is associated with cellular aging, death, and cancer.
However, some cells combat this process by expressing telomerase to
repair and lengthen telomeres [102,103]. Telomere shortening (TS) is
primarily caused by incomplete replication of chromosomes, the action
of exonucleases, and damage induced by oxidative stress; this applica-
tion of above discussions will simulate the dynamic behavior of telomere
length, derive macroscopic equations, and calculate the distribution of
relevant statistical measures [104].

In the medical field, the measurement of telomere length serves as a
crucial diagnostic tool [105]. To comprehend the complex processes of
TS at the microscopic level, researchers have examined the underlying
mechanisms of telomere length dynamics from a stochastic perspective.

According to [7], incomplete replication of chromosome ends leads
to TS, with the shortened length L, following a normal distribution. The
probability of TS due to exonuclease activity is measured/assumed to be
0.8, and the shortened length L, follows a Poisson distribution. During
cellular replication, oxidative stress causes DNA damage to telomeres,
leading to a measured/assumed probability of TS of 0.1, and the short-
ened length L; also follows a normal distribution. Then, there holds

1 1 1
L=1XZXL1+0’8XZXL2+O'1X§XL3XN’ 47
where L represents the shortened length of the telomere and N is the
number of bases damaged in the DNA strand.

It is assumed that the waiting time adheres to a tempered power-law
distribution, and that the TS jump length L changes independently at
each step. Considering the low probability of TS due to oxidative stress
damage, only the effects of incomplete replication at chromosome ends
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and exonuclease activity are taken into account. Therefore, L = L, + L,,
and it is assumed that L, and L, are independent. Then, one can get the
PDF of L as

@(L) =p;(Ly) * @y(L,)

ZZ:o[ L exp {

2no
where represents the convolution operation, and # is the intensity
of the Poisson distribution, 4 and ¢ are the mean and variance of the
normal distribution, respectively.
Considering that the functional of length L is the conditional proba-
bility density G of L(0) = L, one can derive the backward Feynman-Kac
equation [104]

Ly

bxe(-m22|. @
.

_@Lmu=Ly)?
202

“,”
*

9G (p.1)

ot
pl-wi | @w+B, 2 o o2 0°
t B, dLy, = 2B, aL(Z)

—[A+ pUL)| Gy (1) + (4 — 22D~ ) e=PU o)
[ 0] Ly ( t

+ ,1“] G, (1) (49)

Since telomere length is not infinite at the onset of a cell’s life but
starts with an initial length of /,. When telomeres shorten to a certain
degree, the stability of the genome within the cell is compromised, ul-
timately leading to cellular aging, death, or cancer. Specifically, when
the length of the shortest telomere in the cell reaches the critical thresh-
old /., the cell’s capacity for division becomes restricted and it begins to
senesce. Therefore, the upper bound of the shortened length is /, — /...

The occupation time is the total time for a telomere to shorten the
length between [0, /, — I.] in the observation time [0, 7], which can be
defined as [104]

1
Tt = / U(L(7))z, (50)
0
where
_ 1, Leloy-1.]
v = {0, L &0y~ 1,] e

Exploring the total time of TS deepens our insight into cell aging
mechanisms. TS is closely tied to the development of diseases like can-
cer, cardiovascular issues, and neurological conditions, offering key
clues for prevention and treatment strategies. This application aids in
anti-aging research and understanding disease progression. In [104],
Figure 4 shows J(r) peaking before declining to zero, indicating the time
most cell telomeres reach /.. Due to the monotonically decreasing dis-
tribution of TS jump lengths, the occupancy time shares the same shape
as the distribution of the first passage time.

4.2. Time-changed tempered fractional Langevin-Brownian motion

In certain real-world datasets, such as those in biology [106,107],
financial time series [108], ecology [109], and physics [110], a time-
changed stochastic process is required. This process involves substitut-
ing the deterministic time variable with a positive, non-decreasing ran-
dom process, which results in a blend of two independent random pro-
cesses. One of these processes is referred to as the external process (or
the original process), while the other is known as the internal process
(or a subordinator).

Tempered fractional Langevin equation is driven by tempered frac-
tional Gaussian noise y(¢) [44]. It is also a Gaussian process and can be
written as

2 = 0(s).
2 == o KGs = no(@)d + pr(s). (52)
4 = y(s)
ds nis),

where p = 1/2kT, the kernel

K(0) =2y (O)y(0) = h™2(C} |t + AP + C7 1t = AP = 2C2 (1?7

t
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for a sufficient small A,
20(H + Ky (Alt])
VrQalihH

and K (?) is the modified Bessel function of second kind. We assume

the initial velocity satisfies the condition u(z) =kgT.

The PDF of the subordinated process X(¢) := x(s(t)) can be written

o2 - 2TQH)
1 2H
Al

as

p(x,1) = / po(x,8)f(s,0)ds, (53)
0

where p;(x, s) is the PDF of the original process x(s) and f (s, t) is the PDF

of the inverse g-stable subordinator s(r). The moments of subordinated

process X (¢) could be obtained by the relation

Lo (X)) =P L (X" () (54)

in Laplace space. According to Eq. 54, with the time evolution the first
and second moments of the subordinated process X (¢) := x(s(t)) behave
as

\/kBTtﬂ

xw) : G (55)
and

2y - KT 2p pe-amp | VEBTA 5
X0 grap” rap 6)

where E = /kpT/[2DyT*(H + 1/2TQH + DI'(1 - 2H)f + 1)] and

F =kgT/[DyT*(H + 1/2TQH + DI'(2 — 2H)p + 1)]. The MSD of the

time-changed tempered fractional Langevin equation evolves over time

as [46]

KpT _ _kpT

prQp) AP

kgTA A2

TR TP

@x@p) :( )28 = P20 — p220-2100

2. e7

This implies that the time-changed tempered fractional Langevin process
exhibits different characteristics at different time scales.

5. Future prospects
5.1. Biological macromolecules dynamics

The four most essential macromolecules in living organisms are nu-
cleic acids, proteins, polysaccharides, and lipids. Materials like plastics,
rubber, and fibers, which are types of polymer materials, have dra-
matically changed our daily life. These substances are created through
the processes of polymerization and depolymerization from similar
monomers. When studying the kinetic behavior of these materials, it’s
crucial to take into account not only the polymer’s inherent movement
characteristics but also the effects of chemical interactions during poly-
merization and depolymerization, as well as the influence of the sur-
rounding environment. To delve deeper into the kinetic behavior of cell
division and intact polymer proteins within living organisms, the fol-
lowing research initiatives are planned for future exploration.

5.1.1. Kinetic modeling of microtubules

The dynamics and control of microtubules are vital for the proper
functioning and division of all eukaryotic cells [111,112]. As depicted
in [111], microtubules extend and attach to the replicated DNA, form-
ing a spindle and generating the pulling force that initiates cell divi-
sion. Therefore, investigating the growth and regulation at the ends of
microtubules can enhance our understanding of the mitotic behavior in
eukaryotic cells.
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5.1.2. Protein synthesis, transport, and movement

Protein serves as a fundamental polymer in the human body, and
its synthesis is a direct outcome of gene expression, which encompasses
a series of processes such as transcription and translation. During the
gene transcription process, RNA polymerase II moves along the DNA se-
quence, synthesizing mRNA. This movement can exhibit three distinct
phases: transcriptional elongation, backtracking, and regressive recov-
ery [113]. The translation process takes place in the ribosomes, hence
requiring the transportation of the transcribed mRNA from the nucleus
to the intended location following the completion of transcription [4].
The diffusion of synthesized proteins, like neurotransmitter receptors,
on the surface of cell membranes can be influenced by crowded envi-
ronments (as depicted in [5]). Therefore, it is both interesting and im-
portant to consider the modeling of the periodic behavior of proteins.

5.2. Multi-fluid modeling

5.2.1. Modeling sediment transport by wind

The collective process of sand and dust being emitted, transported,
and deposited by the wind is known as aeolian processes, named after
the Greek god Aeolus, who was the keeper of the winds [114,115]. Aeo-
lian processes occur in areas where there is an ample supply of granular
material and winds of sufficient force to move them through the at-
mosphere. On Earth, this phenomenon is most pronounced in deserts,
on beaches, and in other areas with sparse vegetation, such as dried-
up lake beds. The blowing of sand and dust in these regions plays a
pivotal role in shaping the landscape through the formation of sand
dunes and ripples, the erosion of rocks, and the creation and trans-
port of soil particles. Furthermore, airborne dust particles can be car-
ried for thousands of kilometers from their original source, impacting
weather and climate, ecosystem productivity, the hydrological cycle,
and various other components of the Earth’s system. Consequently, the
study of the kinetic behavior of wind-blown sand is a significant area of
research.

5.2.2. Modeling fluid and solid interaction

The study of microclimates within plant canopies has long been a
source of inspiration for scientists engaged in diverse research fields,
including agronomy, ecology, and silviculture. It was nearly a century
ago that the first measurements of wind speed within a forest stand were
published in [116]. The behavior of wind in the canopy is an important
component of the canopy microclimate, which largely determines the
rate of exchange of heat, water vapor, and other associated gases and
particles with the atmosphere. Consequently, the second topic of study
is the interactions in the canopy and the wind field, which can be of
great assistance in wind and sand control, seed dispersal [117], and in
understanding inversions in agriculture.

5.2.3. Modeling wind and fluid interaction, and the aroused enhanced
diffusion

Ocean-atmosphere interactions exert a significant influence on the
marine environment. For instance, hurricanes can impact upper ocean
temperatures [118,119], while interactions between ocean currents
and winds affect surface carbon concentrations and air-sea carbon ex-
change in the Southern Ocean [120]. Global warming can be inter-
rupted by the Pacific circulation [121], and the interactions between
the ocean and wind can directly impact the dispersion of marine pollu-
tants [122] and more. Therefore, general coupled ocean-atmosphere and
pollutant dispersion modeling is an important and intriguing research
topic.

5.3. General form of chemotaxis model
The myxobacteria are ubiquitous soil bacteria that aggregate under

conditions of starvation and construct fruiting bodies as a means of sur-
vival. The mechanisms underlying their social gliding, aggregation, and



H. Wang, X. Li, L. Zhao et al.

fruiting body formation have remained poorly understood until recently.
In [123], a stochastic cellular automaton model is presented with the ob-
jective of describing and providing an understanding of the mechanisms
by which the bacteria manage to build higher-organized structures.

This model is affected by three factors which are, slime, diffusing
chemoattractant, and inertia of motion. Therefore, an interesting topic
is to derive the equations satisfied by the statistical observables of this
chemotaxis model. By studying the equations, one can well understand
the chemotaxis phenomena.
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