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a b s t r a c t 

In recent decades, anomalous and nonergodic diffusions are topical issues in almost all disciplines. In 2004, the 
phrase “anomalous is normal ” was used in a title of a Physical Review Letters (PRL) paper, which reveals that 
the diffusion of classical particles on a solid surface has rich anomalous behavior controlled by the friction coeffi- 
cient, meaning that anomalous diffusion phenomena are ubiquitous in the natural world. This review article first 
builds the microscopic models (stochastic processes) to describe the experimentally observed phenomena of the 
motion of the physical/abstract particles under the frameworks of continuous time random walks, Langevin pic- 
ture, subordinated strong Markov process, etc. Beyond directly conducting statistical analyses on these stochastic 
processes, we target on delving into these microscopic models to uncover their physical mechanisms and digging 
out their potential applications. According to the application scenarios and the research requirements, we design 
the appropriate statistical observables, e.g., the position of the particles, functional of the trajectories of the par- 
ticles, probability of the first passage time, escape probability, etc. Then, we derive the governing equations of 
the probability density functions of the statistical observables. We do the mathematical studies on the equations, 
including well-posedness and regularity analyses, designing numerical schemes, performing numerical analyses, 
etc. Finally, we present the applications of the models in chemistry and biology, and propose future prospects in 
this research field. 
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. Introduction 

In nature, “motion ” is constantly occurring in a variety of forms. As
he process of gene transcription initiates, RNA polymerase moves for-
ard along the DNA synthesizing mRNA and exhibits three different

tates of motion: transcription extension, backtracking and backtrack-
ng recovery [ 1–3 ]. Molecular motors operate akin to efficient couriers,
asked with the precise delivery of the newly synthesized mRNA to tar-
et sites [ 4 ]. The movement of neurotransmitter receptors on the post-
ynaptic membrane displays an anomalous diffusion of the two states as
 consequence of the confinement of nanoclusters [ 5 ]. Ligand-receptor
nteractions have been observed to trigger skipping in three-dimensional
edia and sliding mechanisms on two-dimensional living cell mem-

ranes [ 6 ]. Telomeres, special structures at the ends of chromosomes,
ct as sentinels guarding against genomic instability, yet they are subject
o gradual shortening with each cell division [ 7,8 ]. In the processes of
olymerization and depolymerization, polymers exhibit Brownian non-
aussian kinetic characteristics [ 9 ]. In environments where molecules
re densely packed, tracer polymers exhibit anomalous diffusion [ 10 ].
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he irregular connectivity of pore spaces gives rise to anomalous be-
avior in fluid flow and chemical transport processes [ 11 ]. In the broad
cope of ecology, the movement of animals across extensive spatial and
emporal scales frequently exhibits anomalous dynamical characteristics
 12,13 ]. To elucidate the essence of these natural phenomena and un-
over the underlying physical mechanisms, scientists employ statistical
nd mathematical tools to quantify the dynamical behaviors. Methods
or quantitative modeling across multiple scales are primarily catego-
ized into two types: one focused on simulating dynamics at the mi-
roscale, and the other dedicated to deriving or establishing evolution-
ry equations at the macroscale. 

There are two commonly used modeling frameworks, the continu-
us time random walk (CTRW) model and the Langevin equation. The
TRW model [ 14 ] assumes that the process of particle motion is a wait-

ump periodic process, and that the waiting time 𝜏𝑖 and the jump length

𝑖 are two random variables satisfying the joint probability density func-
ion (PDF) 𝜙( 𝑥, 𝑡 ) = 𝔼

[
𝛿( 𝜉𝑖 − 𝑥 ) 𝛿( 𝜏𝑖 − 𝑡 )

]
. Therefore, the probability den-

ities for the waiting time and the jump length are 𝜓( 𝑡 ) = ∫ +∞
−∞ 𝜙( 𝑥, 𝑡 ) 𝑑𝑥

nd 𝜂( 𝑥 ) = ∫ +∞
0 𝜙( 𝑥, 𝑡 ) 𝑑𝑡 , respectively. When the waiting time is in-
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Fig. 1. Particle trajectory of the CTRW model. 
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Table 1 

The scale limit relationships between the CTRW models and the subordi- 

nated Brownian motions . 

CTRW model subordinated Brownian motion 

⟨𝜏𝑖 ⟩ < ∞, ⟨𝜉2 𝑖 ⟩ < ∞ 𝐵( 𝑡 ) ⟨𝜏𝑖 ⟩ < ∞, 𝜉𝑖 ∼ |𝑥 |−2 𝛽−1 𝐵( 𝑆𝛽 ( 𝑡 )) 
𝜏𝑖 ∼ 𝑡− 𝛼−1 , ⟨𝜉2 𝑖 ⟩ < ∞ 𝐵( 𝐸𝛼 ( 𝑡 )) 
𝜏𝑖 ∼ 𝑡− 𝛼−1 , 𝜉𝑖 ∼ |𝑥 |−2 𝛽−1 𝐵( 𝑆𝛽 ( 𝐸𝛼 ( 𝑡 ))) 
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ependent of the jump length, one can obtain the decoupled form
( 𝑥, 𝑡 ) = 𝜂( 𝑥 ) 𝜓( 𝑡 ) . 

For a given 𝜙( 𝑥, 𝑡 ) , the particle trajectory can be plotted as in Fig. 1 .
he CTRW model has proven to be a robust and effective tool for quan-
ifying anomalous contaminant transport in porous and faulted geolog-
cal formations [ 15 ]. The CTRW model with a “long memory ” waiting
ime distribution has demonstrated its effectiveness in the financial sec-
or. Assuming that the reaction waiting times for promoter transitions,
RNA synthesis and degradation follow a general distribution, J. Zhang

t al. coarsely derive an iterative equation for the moment-generating
unction of copy number of mRNA, which conveniently calculates mRNA
aw and binomial moments of any order [ 16 ]. E. Roldán et al. examine
he distribution of recovery time by describing the kinetic behaviour
f RNA polymerase during the retrospective recovery phase as a CTRW
 17 ]. Subsequently, W. H. Deng et al. expand upon the CTRW model
y introducing the multi-internal states modeling approach [ 18,19 ] and
he alternating states modeling method [ 20,21 ], and then also establish
he Lévy walk model in non-static media [ 22 ]. S. Fedotov et al. establish
 two-state nonlinear CTRW model to depict tumor-cell migration and
roliferation invasion [ 23 ]. An intriguing addition to the models is the
tochastic resetting process, which mimics the behavior of reverting to
he starting point to initiate a new search after an unsuccessful attempt
 24,25 ]. 

Langevin’s equation is an application of Newton’s second law “𝐹 =
𝑎 ” to Brownian particles, which has the form [ 26 ] 

𝑑2 𝑥 ( 𝑡 ) 
𝑑𝑡2 

= − 𝑚𝛾
𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

+ 𝜉1 ( 𝑡 ) , (1)

here 𝑥 ( 𝑡 ) is the position of the particle at time 𝑡 , 𝑚 is the mass of the
article, − 𝑚𝛾

𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

is the frictional force, and 𝜉1 ( 𝑡 ) is the random force
Gaussian white noise, due to the random collisions of the surrounding
olecules). When the random force is no longer white, the general form

f the Langevin equation can be written as 

𝑑2 𝑥 ( 𝑡 ) 
𝑑𝑡2 

= − 𝑚∫
𝑡 

𝑡0 

𝛾( 𝑡 − 𝑡′)𝑑𝑥 ( 𝑡
′) 

𝑑𝑡 
𝑑𝑡′ + 𝜉2 ( 𝑡 ) , (2)

nd the fluctuation-dissipation theorem gives the relationship between
he friction coefficient and the random force [ 27 ]. A. D. Viñales et al.
ntroduce a Mittag-Leffler correlated random force leading to anoma-
ous diffusion [ 28,29 ]. T. Sandev et al. study the analytical form of
he relaxation functions for the three-parameter generalized Langevin
quation [ 30 ]. The general form of the Langevin equation, where the
riction term is represented by the regularized Prabhakar derivative, is
iscussed in [ 31 ], and the form incorporating a tempered memory ker-
el is considered in [ 32 ]. Analyzing the “social forces ” felt by pedes-
rians allows us to model their dynamic behavior as a set of nonlinear
oupled Langevin equations [ 33 ]. Reference [ 34 ] presents the Langevin
660
quation for polymers engaged in polymerization/depolymerization re-
ctions, by establishing a random diffusion coefficient that correlates
ith particle size. Reference [ 35 ] presents the Langevin equations for

ontinuous time Lévy walks. X. D. Wang et al. present the Langevin de-
cription of the Lévy walk [ 36 ]. Y. Chen et al. then provide the Langevin
escription of the Lévy walk with memory [ 37 ] and examine the impact
f an external force [ 38,39 ]. By making a stochastic scale variation of
ime, one can construct the time-changed (subordinated) Langevin equa-
ion [ 40,41 ]. The path properties of the subordinated Brownian motion
ave been investigated in [ 42 ]. Additionally, Ref. [ 43 ] has considered
he time-changed fractional Brownian motion, discussing the moments,
orrelation structure, and so on. References [ 44–46 ] study the Langevin
quations for the subordinated Brownian noise of the tempered Mittag-
effler memory kernel. Let 𝑆𝛼( 𝑡 ) denote the strictly increasing 𝛼-stable
évy process (subordinator) with the well-known formula for its Laplace
ransform ⟨𝑒− 𝑘𝑆𝛼 ( 𝑡 ) ⟩ = 𝑒− 𝑡𝑘

𝛼
. Define 𝐸𝛼( 𝑡 ) = inf { 𝜏 ∶ 𝑆𝛼( 𝜏) > 𝑡 } , which de-

otes the left inverse of 𝑆𝛼( 𝑡 ) . Then there are scale limit relationships
etween the CTRW models and the subordinated Brownian motions
 40,47 ], as shown in Table 1 . 

Based on the microscopic model, partial differential equations
PDEs) governing the probability distribution of particle positions can
e derived by integral transformations [ 40,48–50 ]. It is also possible to
erive the PDEs from the macroscopic scale according to physical as-
umptions. Furthermore, it is also possible to derive equations that de-
cribe the probability distributions governing the macroscopic statistical
roperties of physical processes, which include the position functional
f the particle, the probability density of the mean first passage time,
nd even the escape probability [ 34,51–53 ]. 

For the PDEs mentioned above, researchers also discuss the well-
osedness and regularity of the solution, as well as develop the corre-
ponding computational methods. The traditional numerical computa-
ional methods, such as the finite difference method, the convolution
ntegral method, and the variational method [ 54–59 ], provide effective
nd highly accurate approximations for the solutions of PDEs, but their
omputational complexity grows exponentially with the dimensionality
 59 ]. With the growth of data resources and computational power, deep
earning has become an important tool for solving high-dimensional
roblems in scientific research. In recent years, a large number of deep
earning-based PDE solvers have been developed, most of which are in-
pired by traditional methods. In 2018, W. E et al. develop the deep
itz method, which uses deep learning to solve variational problems
orresponding to PDEs [ 60 ]. Least squares-based deep learning meth-
ds include the deep Galerkin method [ 61 ] and physics-informed neural
etworks [ 62 ], which train models by minimizing the squared residuals
f PDEs. Weak adversarial networks [ 63 ] offer an approach to tackle the
eak formulations of high-dimensional PDEs utilizing adversarial learn-

ng techniques. J. Han et al. propose a deep learning method for solving
arabolic PDEs based on backward stochastic differential equations (BS-
Es), called the deep BSDE method [ 64,65 ]. References [ 66,67 ] provide
osterior estimates of the deep BSDE method. Subsequently, H. Wang
t al. develop the deep BSDE method for solving infinite-dimensional
oupled polymer diffusion systems [ 68 ]. 

Based on the aforementioned discussions, this paper provides a com-
rehensive review of the research progress in multiscale modeling of
nomalous non-ergodic dynamical systems found in nature and offers
nsights into future research avenues. The review is structured as fol-
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s  
ows: In the second section, we delve into microscopic models, derive
he PDEs that govern the probability distributions of various statistical
bservables, and present some theoretical statistical analysis results. The
hird section is dedicated to the theoretical analysis and computational
ethods for the macroscopic equations. In the fourth part, we show-

ase some applications of the developed models in physics, biology, and
ngineering. Lastly, we propose potential directions for future research
rospects. 

. Mathematical modeling 

This research focuses on the motion of real physical particle or ab-
tract “particle ”, for example, the fluctuation of the financial market. So
he first step is to use mathematical language to describe the motion,
hat is, build the microscopic model (stochastic process) to characterize
he motion. Three types of microscopic models will be discussed here,
.e., CTRW, Langevin equation, miscellaneous ones, including subordi-
ated Brownian motion, alternating process, and resetting process, etc.
eyond conducting direct statistical analyses on these stochastic pro-
esses, we target on delving into these microscopic models to uncover
heir physical mechanisms, and digging out their potential applications.
o accomplish this, we initiate by designing the corresponding statis-
ical observables and deriving the governing equations that dictate the
robability distributions of these statistical observables. 

.1. Microscopic models 

.1.1. Continuous time random walks 

In mathematics, CTRW is a stochastic process with arbitrary given
istributions of jump lengths and waiting times, originally discussed
y E. W. Montroll and G. H. Weiss [ 14,69 ]; and the CTRW is first ap-
lied to physical systems by H. Scher and M. Lax [ 70 ], where the ran-
om variables of waiting times and displacements are independent and
dentically distributed, respectively. For the past several decades, CTRW
odel is used to describe different kinds of anomalous systems, ranging

rom amorphous semiconductors to DNA molecules. 
The CTRW model with multiple internal states is built in [ 19 ]. We

ntroduce multiple internal states to characterize some natural phenom-
na, such as, traps in amorphous semiconductors and ionic currents
n cell membranes. Each internal state corresponds to a distribution
f waiting time and jump length, and the transitions between internal
tates are described by a Markov chain with a transition matrix 𝑀 . The
imension of matrix 𝑀 is 𝑛 × 𝑛 , where 𝑛 is the number of internal states.
he element 𝑚𝑖𝑗 of matrix 𝑀 represents the transition probability from
tate 𝑖 to 𝑗. 

Lévy walk is a CTRW model with the jump length determined by
he generated waiting time, i.e., for the waiting time 𝜏𝑖 , the jump length
quals to 𝑣𝜏𝑖 , in which 𝑣 is the speed of the particles. The Lévy walk
ith multiple internal states is built in [ 18 ], having the same structure
s the CTRW one. 

.1.2. Langevin equations 

In physics, “external potential ” refers to the potential energy im-
osed on a physical system by external factors or environment, generally
enoted as 𝑉 ( 𝑥 ) . The Langevin picture for depicting external potentials
ffers significant advantages compared to the CTRW model. The dynam-
cal model of a Brownian particle subject to an external potential can be
epresented in the Langevin equation, that is, 

𝑑2 𝑥 ( 𝑡 ) 
𝑑𝑡2 

= −∇ 𝑉 ( 𝑥 ( 𝑡 ) , 𝑡 ) − 𝑚𝛾
𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

+ 𝜉1 ( 𝑡 ) , (3)

here 𝑉 ( 𝑥, 𝑡 ) is the external potential and 𝛾 is the friction coefficient. If
onsidering the delayed effect of friction, one can use a natural general-
zation of the Langevin equation with external potential, known as the
eneralized Langevin equation 

𝑑2 𝑥 ( 𝑡 ) 
𝑑𝑡2 

= −∇ 𝑉 ( 𝑥 ( 𝑡 ) , 𝑡 ) − 𝑚∫
𝑡 

𝛾( 𝑡 − 𝑡′)𝑑𝑥 ( 𝑡
′) 

𝑑𝑡 
𝑑𝑡′ + 𝜉2 ( 𝑡 ) . (4)
0 

661
It is important to note that 𝜉1 ( 𝑡 ) and 𝜉2 ( 𝑡 ) in Eqs. 3 and 4 are differ-
nt. Since both of them are internal noises, according to the fluctuation-
issipation theorem [ 27 ] (friction and random driving forces come from
he same source), their correlation functions are 

( 𝑡 ) = 1 
𝑚𝑘𝐵 𝑇 

𝔼
[
𝜉1 
(
𝑡′
)
𝜉1 
(
𝑡′ + 𝑡

)]
nd ( ∇ 𝑉 ( 𝑥, 𝑡 ) ≡ 0 ) 

( 𝑡 ) = 1 
𝑚𝑘𝐵 𝑇 

𝔼
[
𝜉2 
(
𝑡′
)
𝜉2 
(
𝑡′ + 𝑡

)]
, 

espectively, where 𝑘𝐵 is the Boltzmann constant and 𝑇 is the abso-
ute temperature. It is observed in [ 71 ] that when colloidal beads dif-
use along linear phospholipid bilayer tubes or through entangled F-
ctinnetworks, the motion of beads show Brownian yet non-Gaussian
ynamics. Later, the diffusing diffusivity microscopic model describing
his kind of phenomena is built as [ 72 ] 

𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

=
√
2 𝐷( 𝑡 ) 𝜉( 𝑡 ) , (5) 

( 𝑡 ) = 𝑦2 ( 𝑡 ) , (6) 

𝑑𝑦 ( 𝑡 ) 
𝑑𝑡 

= − 𝑦 ( 𝑡 ) + 𝜂( 𝑡 ) , (7) 

here, 𝑥 ( 𝑡 ) and 𝑦 ( 𝑡 ) (Ornstein-Uhlenbeck process) are stochastic pro-
esses driven by independent Gaussian white noises 𝜉( 𝑡 ) and 𝜂( 𝑡 ) , re-
pectively, and 𝐷( 𝑡 ) = 𝑦2 ( 𝑡 ) provides the diffusion coefficient for 𝑥 ( 𝑡 ) . The
easons for choosing the square of the Ornstein-Uhlenbeck process as the
iffusing diffusivity of 𝑥 ( 𝑡 ) are threefold. Firstly, the non-negativity of
his choice avoids the need to add a reflecting boundary condition when
( 𝑡 ) = 0 , making the analysis easier to handle. Secondly, it ensures that

he dynamics of the diffusivity is stationary under the given correlation
ime. Moreover, it also guarantees that the PDF of 𝐷( 𝑡 ) has exponen-
ial tails, resulting in a Laplace-like distribution for 𝑥 ( 𝑡 ) at short times.
ver long times, the particle’s motion with an effective diffusion coef-
cient ⟨𝐷⟩𝑠𝑡 = lim 

𝑡 →∞
⟨𝑦2 ( 𝑡 ) ⟩ exhibits a crossover to a normal distribution.

he Brownian non-Gaussian diffusion induced by polymerization is dis-
ussed in [ 9,68 ], being modelled by Eq. 5 with the diffusing diffusivity
( 𝑁( 𝑡 )) , where 𝑁( 𝑡 ) is the birth-death process satisfying 

ℙ( 𝑁( 𝑡 + 𝜏) − 𝑁( 𝑡 ) = 𝑘 |𝑁( 𝑡 ) = 𝑛) 

 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

𝛼( 𝑛 ) 𝜏 + 𝑜 ( 𝜏) , 𝑘 = 1 , 
𝛽( 𝑛 ) 𝜏 + 𝑜 ( 𝜏) , 𝑘 = −1 , 
1 − ( 𝛼( 𝑛 ) + 𝛽( 𝑛 )) 𝜏 + 𝑜 ( 𝜏) , 𝑘 = 0 , 
𝑜 ( 𝜏) , otherwise , 

(8) 

ith 𝛼( 𝑛 ) , 𝛽( 𝑛 ) ≥ 0 for 𝑛 ∈ ℕ , and 𝛽(0) = 0 . 

.1.3. Miscellaneous processes 

In probability theory, the technique of time-changing for Brownian
otion is one of the important methods to build a new stochastic pro-

ess. First, one needs to define a time change process, e.g., 𝛼-stable Lévy
rocess 𝑆𝛼( 𝑡 ) with 𝛼 ∈ (0 , 1) , and its inverse 𝐸𝛼( 𝑡 ) . Then, 𝐵( 𝑆𝛼( 𝑡 )) and
( 𝐸𝛼( 𝑡 )) , which are the time change to Brownian motion 𝐵( 𝑡 ) , can be

espectively used to describe superdiffusion, being the 2 𝛼-stable Lévy
rocess, and subdiffusion. In fact, one can also build the stochastic pro-
ess 𝐵( 𝑆𝛼( 𝐸𝛽 ( 𝑡 ))) ( 𝛽 ∈ (0 , 1) ) to characterize the competition between
uperdiffusion and subdiffusion. 

One can build multiple-state alternating stochastic process, for ex-
mple, a two-state alternating stochastic process [ 21 ], which alternates
etween Lévy walk and Brownian motion, i.e., the sojourn times in the
évy walk and Brownian motion stages follow power-law distributions
ith exponents 𝛼+ and 𝛼− (0 < 𝛼± < 2) , respectively. This kind of pro-

esses generally have several different scales and show strong anoma-
ous diffusion phenomena [ 21 ]. 

Resetting process is needed in some practical applications, e.g.,
earch processes [ 73–76 ], stochastic algorithms [ 77,78 ], catastrophic
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henomena in population dynamics [ 79–81 ], etc. A concrete example
s given as follows [ 25 ]: the position 𝑥 ( 𝑡 ) of the particle with an initial
osition of 𝑥 (0) = 𝑥0 at time 𝑡 is updated by the stochastic rule 

 ( 𝑡 + 𝑑𝑡 ) =
{ 

𝑋𝑟 , with probability 𝑟𝑑𝑡, 
𝑥 ( 𝑡 ) + 𝑑𝐵( 𝑡 ) , with probability (1 − 𝑟𝑑𝑡 ) , (9)

here 𝑋𝑟 is a fixed position, 𝑟 is the resetting rate, and 𝐵( 𝑡 ) is Brownian
otion. This stochastic process describes a Brownian motion particle
ith Poissonian resetting, which, after a time interval 𝑑𝑡 , is reset to
osition 𝑋𝑟 with a probability of 𝑟𝑑𝑡 , and undergoes Brownian motion
ith a probability of (1 − 𝑟𝑑𝑡 ) . 

The motion in non-static media is an important research field. In
iology, during the development of vertebrate embryos, cell migrations
ccur on an underlying tissue domain in response to some factor, such
s nutrient. Over the time scale of days in which this cell migration
ccurs, the underlying tissue is itself growing. In this case, the media is
n expanding one with scale factor 𝑎 ( 𝑡 ) . Following the discussions from
1)-(3) to (4) in [ 82 ], the original Langevin equation is modified as 

𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

= 𝑑𝑎 ( 𝑡 ) 
𝑑𝑡 

𝑥 ( 𝑡 ) 
𝑎 ( 𝑡 ) 

+ 𝜉( 𝑡 ) . (10)

.2. Macroscopic equations 

This subsection presents the governing equations of the probability
istributions of some typical statistical observations for the above built
icroscopic models. 

.2.1. Fokker-Planck equations 

Here we focus on the probability distribution of the position of the
articles [ 40,47 ]. The most well-known case is Brownian motion 𝐵( 𝑡 ) ,
ts Fokker-Planck equation behaves as 
 

𝜕𝑊 ( 𝑥,𝑡 ) 
𝜕𝑡 

= Δ𝑊 ( 𝑥, 𝑡 ) , 
𝑊 ( 𝑥, 𝑡 = 0) = 𝛿( 𝑥 ) . 

(11) 

f the particle performs subdiffusion, microscopically modelled by
( 𝐸𝛼( 𝑡 )) or the corresponding CTRW or Langevin picture, the govern-

ng equation of the probability distribution of its position is described
s [ 47 ] 
 

𝜕𝑊 ( 𝑥,𝑡 ) 
𝜕𝑡 

= 0 𝐷
1− 𝛼
𝑡 

Δ𝑊 ( 𝑥, 𝑡 ) , 
𝑊 ( 𝑥, 𝑡 = 0) = 𝛿( 𝑥 ) , 

(12) 

here 0 𝐷
1− 𝛼
𝑡 

is the Riemann-Liouville operator defined as 

 

𝐷1− 𝛼
𝑡 
𝑊 ( 𝑥, 𝑡) = 1 

Γ( 𝛼) 
𝜕 

𝜕𝑡 ∫
𝑡 

0 

𝑊
(
𝑥, 𝑡′

)
( 𝑡 − 𝑡′) 1− 𝛼

𝑑𝑡′. 

imilarly, the superdiffusion of the particle can be microscopically mod-
lled by 𝐵( 𝑆𝛽 ( 𝑡 )) , or through the corresponding CTRW or Langevin pic-
ure. Its governing equation of probability distribution of the position is
iven as [ 83,84 ] 
 

𝜕𝑊 ( 𝑥,𝑡 ) 
𝜕𝑡 

= −(−Δ)𝛽𝑊 ( 𝑥, 𝑡 ) , 
𝑊 ( 𝑥, 𝑡 = 0) = 𝛿( 𝑥 ) , 

(13) 

here {−(−Δ) 𝛽𝑊 ( 𝑥, 𝑡 )}( 𝑘 ) = −|𝑘 |2 𝛽{ 𝑊 ( 𝑥, 𝑡 )}( 𝑘 ) . 
More general case including possible normal diffusion, subdiffusion,

nd superdiffusion can be microscopically described by the competition
odel 𝐵( 𝑆𝛽 ( 𝐸𝛼( 𝑡 ))) . The corresponding macroscopic equation behaves

s [ 85,86 ] 
 

𝜕𝑊 ( 𝑥,𝑡 ) 
𝜕𝑡 

= 0 𝐷
1− 𝛼
𝑡 

(
−( −Δ) 𝛽

)
𝑊 ( 𝑥, 𝑡 ) , 

𝑊 ( 𝑥, 𝑡 = 0) = 𝛿( 𝑥 ) . 
(14) 

here are also more generalized models of the space-time fractional dif-
usion equations by introducing general memory kernel [ 87–89 ]. The
662
orward and backward Fokker-Planck equations for the polymer diffu-
ion with the microscopic model Eq. 5 and Eq. 8 are respectively de-
cribed as [ 34,68 ] 
 

𝜕𝑊 ( 𝑛,𝑥,𝑡 ) 
𝜕𝑡 

= 𝑛 𝑊 ( 𝑛, 𝑥, 𝑡 ) + 𝐷( 𝑛 )∇2 
𝑥 
𝑊 ( 𝑛, 𝑥, 𝑡 ) , 

𝑊 ( 𝑛, 𝑥, 𝑡 = 0) = 𝑔 ( 𝑛 ) 𝛿( 𝑥 ) , 
(15) 

nd 
 

𝜕𝑊𝑛0 ( 𝑥,𝑡 ) 
𝜕𝑡 

= 𝑛0 𝑊𝑛0 ( 𝑥, 𝑡 ) + 𝐷( 𝑛0 )∇2 
𝑥 
𝑊𝑛0 

( 𝑥, 𝑡 ) , 
𝑊𝑛0 

( 𝑥, 𝑡 = 0) = 𝛿( 𝑥 ) , 
(16) 

here 𝑛 and 𝑛0 are given difference operators defined as 

𝑛 𝑊 ( 𝑛, 𝑥, 𝑡 ) =
⎧ ⎪ ⎨ ⎪ ⎩ 

𝜇( 𝑛 + 1) 𝑊 ( 𝑛 + 1 , 𝑥, 𝑡 ) − 𝜇( 𝑛 ) 𝑊 ( 𝑛, 𝑥, 𝑡 ) 
+ 𝜆( 𝑛 − 1) 𝑊 ( 𝑛 − 1 , 𝑥, 𝑡 ) − 𝜆( 𝑛 ) 𝑊 ( 𝑛, 𝑥, 𝑡 ) , 𝑛 > 0 , 
𝜇(1) 𝑊 (1 , 𝑥, 𝑡 ) − 𝜆(0) 𝑊 (0 , 𝑥, 𝑡 ) , 𝑛 = 0 , 

nd 

𝑛0 
𝑊𝑛0 

( 𝑥, 𝑡 ) =
⎧ ⎪ ⎨ ⎪ ⎩ 

𝜆( 𝑛0 )
(
𝑊𝑛0 +1 ( 𝑥, 𝑡 ) − 𝑊𝑛0 

( 𝑥, 𝑡 )
)

+ 𝜇( 𝑛0 )
(
𝑊𝑛0 −1 ( 𝑥, 𝑡 ) − 𝑊𝑛0 

( 𝑥, 𝑡 )
)
, 𝑛0 > 0 , 

𝜆(0)
(
𝑊1 ( 𝑥, 𝑡 ) − 𝑊0 ( 𝑥, 𝑡 )

)
, 𝑛0 = 0 . 

.2.2. Feynman-Kac equations 

We turn to the statistical observable 𝐴 , which is the functional of the
rajectory of a particle 𝑥 ( 𝑡 ) , defined as 

 = ∫
𝑡 

0 
𝑈 ( 𝑥 ( 𝑡′)) 𝑑𝑡′, 

ith 𝑈 ( 𝑥 ) being a given function. Two types of Feynman-Kac equations
ave been derived, respectively governing the joint distribution of 𝐴
nd 𝑥 ( 𝑡 ) (called forward Feynman-Kac equation) and the distribution of
 with the process’s starting point 𝑥 (0) = 𝑥0 as the parameter (called
ackward Feynman-Kac equation). 

First, we present the backward Feynman-Kac equation for the mi-
roscopic model with external potential and multiplicative noise. The
odel behaves as 

𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

= −∇ 𝑉 ( 𝑥 ( 𝑡 )) + 𝑔( 𝑥 ( 𝑡 )) 𝜉( 𝑡 ) . (17)

hile 𝜉( 𝑡 ) can be white noise and 𝛽-stable Lévy noise ( 𝑔( 𝑥 ) ≡ 1 ), the
ackward Feynman-Kac equations of Eq. 17 are respectively given as
 52 ] 

 

 

 

 

 

𝜕𝐺𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= 𝑔2 ( 𝑥0 )Δ𝑥0 𝐺𝑥0 ( 𝑝, 𝑡 ) − ∇ 𝑉 ( 𝑥0 ) ⋅ ∇𝑥0 𝐺𝑥0 ( 𝑝, 𝑡 ) 
− 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑥0 ( 𝑝, 𝑡 ) , 

𝐺𝑥0 
( 𝑝, 𝑡 = 0) = 1 , 

(18) 

nd 

 

 

 

 

 

𝜕𝐺𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= −
(
−Δ𝑥0 

)𝛽∕2 
𝐺𝑥0 

( 𝑝, 𝑡 ) − ∇ 𝑉 ( 𝑥0 ) ⋅ ∇𝑥0 𝐺𝑥0 ( 𝑝, 𝑡 ) 
− 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑥0 ( 𝑝, 𝑡 ) . 

𝐺𝑥0 
( 𝑝, 𝑡 = 0) = 1 . 

(19) 

In the following, we provide the forward and the backward
eynman-Kac equations for the microscopic models [ 86,90 ]: 𝐵( 𝐸𝛼( 𝑡 )) ,
 ( 𝑆𝛽 ( 𝑡 )) , 𝐵 ( 𝑆𝛽 ( 𝐸𝛼( 𝑡 ))) . 

The forward Feynman-Kac equations: 
 

𝜕𝐺( 𝑥,𝑝,𝑡 ) 
𝜕𝑡 

= Δ1− 𝛼
𝑡 
𝐺( 𝑥, 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥 ) 𝐺( 𝑥, 𝑝, 𝑡 ) , 

𝐺( 𝑥, 𝑝, 𝑡 = 0) = 𝛿( 𝑥 ) , 
(20) 

 

𝜕𝐺( 𝑥,𝑝,𝑡 ) 
𝜕𝑡 

= −( −Δ) 𝛽𝐺( 𝑥, 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥 ) 𝐺( 𝑥, 𝑝, 𝑡 ) , 
𝐺( 𝑥, 𝑝, 𝑡 = 0) = 𝛿( 𝑥 ) , 

(21) 

nd 
 

𝜕𝐺( 𝑥,𝑝,𝑡 ) 
𝜕𝑡 

= −( −Δ) 𝛽1− 𝛼
𝑡 
𝐺( 𝑥, 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥 ) 𝐺( 𝑥, 𝑝, 𝑡 ) , 

𝐺( 𝑥, 𝑝, 𝑡 = 0) = 𝛿( 𝑥 ) , 
(22) 
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hich will reduce to the corresponding Fokker-Planck equations when
aking 𝑝 = 0 . 

The backward Feynman-Kac equations: 
 

𝜕𝐺𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= 1− 𝛼
𝑡 

Δ𝑥0 𝐺𝑥0 ( 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑥0 ( 𝑝, 𝑡 ) , 
𝐺𝑥0 

( 𝑝, 𝑡 = 0) = 1 , 
(23) 

 

 

 

 

 

𝜕𝐺𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= −
(
−Δ𝑥0 

)𝛽
𝐺𝑥0 

( 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑥0 ( 𝑝, 𝑡 ) , 
𝐺𝑥0 

( 𝑝, 𝑡 = 0) = 1 , 
(24) 

nd 

 

 

 

 

 

𝜕𝐺𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= 1− 𝛼
𝑡 

( 

−
(
−Δ𝑥0 

)𝛽) 

𝐺𝑥0 
( 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑥0 ( 𝑝, 𝑡 ) , 

𝐺𝑥0 
( 𝑝, 𝑡 = 0) = 1 . 

(25) 

he forward and backward Feynman-Kac equations for the polymer dif-
usion with the microscopic model Eq. 5 and Eq. 8 are respectively de-
cribed as [ 34,68 ] 

 

 

 

 

 

𝜕𝐺( 𝑛,𝑥,𝑝,𝑡 ) 
𝜕𝑡 

= 𝑛 𝐺( 𝑛, 𝑥, 𝑝, 𝑡 ) + 𝐷( 𝑛 )∇2 
𝑥 
𝐺( 𝑛, 𝑥, 𝑝, 𝑡 ) 

− 𝑖𝑝𝑈 ( 𝑥 ) 𝐺( 𝑛, 𝑥, 𝑝, 𝑡 ) , 
𝐺( 𝑛, 𝑥, 𝑝, 𝑡 = 0) = 𝑔 ( 𝑛 ) 𝛿( 𝑥 ) . 

(26) 

nd 

 

 

 

 

 

𝜕𝐺𝑛0 ,𝑥0 ( 𝑝,𝑡 ) 
𝜕𝑡 

= 𝑛0 𝐺𝑛0 ,𝑥0 ( 𝑝, 𝑡 ) + 𝐷( 𝑛0 )∇2 
𝑥0 
𝐺𝑛0 ,𝑥0 

( 𝑝, 𝑡 ) 
− 𝑖𝑝𝑈 ( 𝑥0 ) 𝐺𝑛0 ,𝑥0 ( 𝑝, 𝑡 ) , 

𝐺𝑛0 ,𝑥0 
( 𝑝, 𝑡 = 0) = 1 . 

(27) 

.2.3. Miscellaneous equations 

The concept of first passage time, which is the moment when a ran-
om variable first attains a specific value, has many applications, e.g.,
 consideration for investors deciding when to buy or sell stocks dur-
ng price fluctuations. Escape probability and maximum displacement
re closely related concepts to the first passage time and share similar
pplication scenarios. Consider the following stochastic process [ 53 ] 
 

𝑑𝑥 ( 𝑠 ) 
𝑑𝑠 

= −∇ 𝑉 ( 𝑥 ( 𝑠 )) + 𝑔( 𝑥 ( 𝑠 )) 𝜉2 ( 𝑠 ) , 
𝑑𝑡 ( 𝑠 ) 
𝑑𝑠 

= 𝜃( 𝑠 ) , 
(28) 

here 𝜃( 𝑠 ) and 𝜉2 ( 𝑠 ) are independent of each other, 𝑡 ( 𝑠 ) is a tempered
-stable Lévy process ( 𝜃( 𝑠 ) is the corresponding noise), with the char-
cteristic function given by 

⟨
𝑒− 𝑢𝑡 ( 𝑠 ) 

⟩
= 𝑒− 𝑠 (( 𝑢 + 𝜆)

𝛼− 𝜆𝛼 ) , which results in a
-stable Lévy process when the control factor 𝜆( ≥ 0) approaches 0, and

2 ( 𝑠 ) is a 𝛽-stable Lévy noise. 
The mean first passage time 𝑢 ( 𝑥 ) of the process defined in Eq. 28 from

he boundary of Ω starting at the point 𝑥 ∈ Ω satisfies [ 53 ] 

 

−∇ 𝑉 ( 𝑥) ⋅ ∇ 𝑢( 𝑥) − ( −Δ) 𝛽∕2 𝑢( 𝑥) = − 𝛼𝜆𝛼−1 , 𝑥 ∈ Ω, 
𝑢( 𝑥) = 0 , 𝑥 ∈ Ω𝑐 . (29) 

hen, we calculate the probability 𝑝Γ( 𝑥 ) of the jump process defined in
q. 28 , starting from the point 𝑥 ∈ Ω, and firstly entering the domain Γ.
he 𝑝Γ( 𝑥 ) is called escape probability solving 
 

−∇ 𝑉 ( 𝑥 ) ⋅ ∇ 𝑝Γ( 𝑥 ) − ( −Δ) 𝛽∕2 𝑝Γ( 𝑥 ) = 0 , 𝑥 ∈ Ω, 
𝑝Γ( 𝑥 ) |𝑥 ∈Γ = 1 , 𝑝Γ( 𝑥 ) |𝑥 ∈Ω𝑐 ∖Γ = 0 . (30) 

The microscopic model Eq. 3 can be rephrased as 
 

𝑑𝑣 ( 𝑡 ) 
𝑑𝑡 

= −∇ 𝑉 ( 𝑥 ( 𝑡 )) 
𝑚 

− 𝛾𝑣 ( 𝑡 ) + 𝜉1 ( 𝑡 ) 
𝑚 
, 

𝑑𝑥 ( 𝑡 ) 
𝑑𝑡 

= 𝑣 ( 𝑡 ) . 
(31) 

he joint distribution 𝑓 ( 𝑥, 𝑣, 𝑡 ) of 𝑥 ( 𝑡 ) and 𝑣 ( 𝑡 ) solve the equation [ 91 ] 

𝜕𝑓 ( 𝑥, 𝑣, 𝑡 ) 
𝜕𝑡 

=
[ 
− 𝑣
𝜕 

𝜕𝑥 
+ 𝜕 

𝜕𝑣 

( 

𝛾𝑣 + ∇ 𝑉 ( 𝑥 ) 
𝑚 

) 

+ 1 
𝑚2 
𝜕2 

𝜕𝑣2 

] 
𝑓 ( 𝑥, 𝑣, 𝑡 ) , (32)
663
hich is called Klein-Kramers equation. While for the time changed mi-
roscopic model 𝑣 ( 𝐸𝛼( 𝑡 )) and 𝑑𝑥 ( 𝑡 ) = 𝑑𝑣 ( 𝐸𝛼( 𝑡 )) , where 𝑣 ( 𝑡 ) is defined as
he first equation of Eq. 31 , its Klein-Kramers equation is 

𝜕𝑓 ( 𝑥,𝑣,𝑡 ) 
𝜕𝑡 

+ 𝑣
𝜕 

𝜕𝑥 
𝑓 ( 𝑥, 𝑣, 𝑡 ) 

= 0 𝐷
1− 𝛼
𝑡 

[
𝜕 

𝜕𝑣 

(
𝛾𝑣 + ∇ 𝑉 ( 𝑥 ) 

𝑚 

)
+ 1 
𝑚2 

𝜕2 

𝜕𝑣2 

]
𝑓 ( 𝑥, 𝑣, 𝑡 ) . 

(33) 

. Analysis and algorithm 

In this section, we shall analyze the well-posedness of above derived
quations in a general form and the regularity of their solutions if possi-
le. Then we propose algorithms, classical numerical algorithms as well
s deep learning algorithms, to solve these equations. The analysis of
roposed algorithms is performed as well. 

.1. Macroscopic equation for the time-changed strong Markov process 

All the above discussions start from Brownian motion. Here we dis-
uss a more general form, starting from the strong Markov process 𝑋( 𝑡 ) .
efine the time-changed process 𝑌 ( 𝑡 ) = 𝑋 ( 𝐸 ( 𝑡 )) , where 𝐸 ( 𝑡 ) is also ex-

ended to the inverse of more general subordinator with the character-
stic function 𝑒− 𝑡𝜙( 𝑧 ) . It can be noted that when 𝜙( 𝑧 ) = 𝑧𝛼 , the subordina-
or is exactly the above mentioned 𝛼-stable Lévy process. The stochastic
epresentation 

 ( 𝑥, 𝑡 ) = 𝔼𝑥 
[
𝑒− ∫ 𝑡 0 𝜅( 𝑌 ( 𝑠 )) 𝑑 𝑠 𝑓 ( 𝑌 ( 𝑡 ))

]
(34)

s the unique mild solution to the equation [ 41 ] 
 

𝜕
𝑤,𝜅( 𝑥 ) 
𝑡 

𝑢 ( 𝑥, 𝑡 ) =  𝑢 ( 𝑥, 𝑡 ) − 𝜅( 𝑥 ) 𝐼𝑤,𝜅( 𝑥 ) 
𝑡 

𝑢 ( 𝑥, 𝑡 ) , 
𝑢 ( 𝑥, 0) = 𝑓 ( 𝑥 ) , 

(35) 

here  is the infinitesimal generator of 𝑌 ( 𝑡 ) . Moreover, the mapping
 → 𝑢 ( ⋅, 𝑡 ) is continuous with ‖𝑢 ( ⋅, 𝑡 ) ‖ ≤ 𝐶1 𝑒

𝐶2 𝑡 , 𝐶1 , 𝐶2 > 0 , and 𝑢̂ ( 𝑥, 𝑧 ) =
∞
0 𝑒

− 𝑧𝑡 𝑢 ( 𝑥, 𝑡 ) 𝑑𝑡 , i.e., Laplace transform of 𝑢 ( 𝑥, 𝑡 ) , exists and satisfies 

𝑢̂ ( 𝑥, 𝑧 ) = 𝜙( 𝑧 + 𝑈 ( 𝑥 ))𝑢̂ ( 𝑥, 𝑧 ) − 𝑓 ( 𝑥 )𝜙( 𝑧 + 𝑈 ( 𝑥 )) 
𝑧 + 𝑈 ( 𝑥 ) 

. (36)

hen 𝑓 ≡ 1 , 𝑢𝑥0 ( 𝑝, 𝑡 ) = 𝔼𝑥0 
[
𝑒− 𝑖𝑝 ∫ 𝑡 0 𝑈 ( 𝑌 ( 𝑠 )) 𝑑𝑠 

]
solves the backward

eynman-Kac equation 
 

𝜕
𝑤,𝜅( 𝑥0 ) 
𝑡 

𝑢𝑥0 
( 𝑝, 𝑡 ) =  𝑢𝑥0 

( 𝑝, 𝑡 ) − 𝑖𝑝𝑈 ( 𝑥0 ) 𝐼
𝑤,𝜅( 𝑥0 ) 
𝑡 

𝑢𝑥0 
( 𝑝, 𝑡 ) , 

𝑢𝑥0 
( 𝑝, 0) = 1 . 

(37) 

Applying above results, one can calculate the PDFs of statistical ob-
ervables (e.g., first passage time, occupation time and path integrals)
elating to 𝑌 ( 𝑡 ) . The key here is to get 𝑢 ( 𝑥, 𝑡 ) from Eq. 35 and Eq. 36 .
e take first passage time of non-Markov anomalous subdiffusion as an

xample and refer interested readers to [ 41 ] for other cases. Precisely,
or 𝑏 ∈ ℝ , define 

𝑏 = inf { 𝑡 > 0 ∶ 𝑌 ( 𝑡 ) > 𝑏 } , 

s the considered first passage time. Note that for 𝜌 > 0 , we have 

𝑥 ( 𝜏𝑏 > 𝑡 ) = ℙ𝑥 
( 

sup 
0 ≤ 𝑠 ≤ 𝑡 

𝑌 ( 𝑠 ) < 𝑏
) 

= lim 

𝜌→∞
𝑢𝜌( 𝑥, 𝑡 ) , 

here 

𝜌( 𝑥, 𝑡 ) = 𝔼𝑥 
[
𝑒− 𝜌 ∫ 𝑡 0 1( 𝑏, ∞) ( 𝑌𝑠 ) 𝑑𝑠 

]
, 

s a type of Eq. 34 with 𝜅( 𝑥 ) = 𝜌1( 𝑏, ∞) ( 𝑥 ) and 𝑓 ( 𝑥 ) ≡ 1 . By subtle tech-
iques and Eq. 36 (see [ 41 ] for details), it is found that 

̂𝜌( 𝑥, 𝑧 ) =
1 
𝑧 

⎛ ⎜ ⎜ ⎜ ⎝ 1 −
𝜌
√
𝜙( 𝑧 + 𝜌) 

( 𝑧 + 𝜌)(
√ 

𝜙( 𝑧 ) +
√
𝜙( 𝑧 + 𝜌) ) 

𝑒( 𝑥 − 𝑏 )
√
𝜙( 𝑧 ) 

⎞ ⎟ ⎟ ⎟ ⎠ . 
y letting 𝜌→ ∞ and taking inverse Laplace transform, one shall get the
robability distribution function of 𝜏 . For many problems, one cannot
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olve Eq. 35 and Eq. 36 analytically. Hence, one may apply typical nu-
erical methods or fast numerical methods; see [ 92–95 ] and references

herein for constructions of numerical methods and corresponding error
stimates. 

.2. Space fractional diffusion equation 

Consider the two-dimensional space fractional diffusion equation
ith variable coefficients [ 54,55 ] 

𝜕𝑢 (𝒙 , 𝑡 ) 
𝜕𝑡 

= 

(
𝑑1 (𝒙 )𝑥𝐿 𝐷

𝛼
𝑥 
+ 𝑑2 (𝒙 )𝑥 𝐷𝛼𝑥𝑅 

)
𝑢 (𝒙 , 𝑡 ) 

+
(
𝑒1 (𝒙 )𝑦𝐿 𝐷

𝛽
𝑦 
+ 𝑒2 (𝒙 )𝑦 𝐷𝛽𝑦𝑅 

)
𝑢 (𝒙 , 𝑡 ) + 𝑓 (𝒙 , 𝑡 ) , (38) 

here 𝒙 ∶= ( 𝑥, 𝑦 ) , 0 < 𝑡 ≤ 𝑇 , 𝛼, 𝛽 ∈ (1 , 2) are fractional orders, variable
oefficients 𝑑1 , 𝑑2 , 𝑒1 , 𝑒2 ≥ 0 , and 𝑓 are given functions. Here, zero
oundary condition and initial condition 

 (𝒙 , 0) = 𝑢0 (𝒙 ) , 𝒙 ∈ Ω ∶= ( 𝑥𝐿 , 𝑥𝑅 ) × ( 𝑦𝐿 , 𝑦𝑅 ) , 

re imposed. Recall that 𝑥𝐿 𝐷
𝛼
𝑥 

and 𝑥 𝐷
𝛼
𝑥𝑅 

are left and right Riemann-
iouville fractional derivatives [ 96 ] defined by 

𝐿 
𝐷𝛼
𝑥 
𝑢 (𝒙 , 𝑡 ) ∶= 1 

Γ(2 − 𝛼) 
𝜕2 

𝜕𝑥2 ∫
𝑥 

𝑥𝐿 

( 𝑥 − 𝜉)1− 𝛼𝑢 ( 𝜉, 𝑦, 𝑡 ) 𝑑𝜉

nd 

 

𝐷𝛼
𝑥𝑅 
𝑢 (𝒙 , 𝑡 ) ∶= 1 

Γ(2 − 𝛼) 
𝜕2 

𝜕𝑥2 ∫
𝑥𝑅 

𝑥 

( 𝜉 − 𝑥 )1− 𝛼𝑢 ( 𝜉, 𝑦, 𝑡 ) 𝑑𝜉, 

espectively. Note that 𝑦𝐿 𝐷
𝛽
𝑦 and 𝑦 𝐷

𝛽
𝑦𝑅 

can be similarly defined. To
btain high order numerical methods for above problems, one of the
ost important things is to construct high order approximations to left

nd right Riemann-Liouville fractional derivatives. We have proposed
eighted shifted Grünwald-Letnikov discretization (WSGD) [ 55 ] and
eighted shifted Lubich discretization (WSLD) [ 54 ] that achieve sec-
nd order accuracy and fourth order accuracy respectively. Both meth-
ds obtain high order accuracy by assembling low order difference op-
rators with appropriate weights and shifts. Since Grünwald-Letnikov
ifference operator can be regarded as a special case of Lubich differ-
nce operator (i.e., fractional linear multistep method [ 92 ]), we may
resent them in a unified way. 

The fractional linear multistep method, which is proposed by Lubich
n 1986 [ 92 ], can handle Riemann-Liouville type fractional derivatives
ell with uniform mesh. This method may be characterized by its gen-

rating function 

𝛼( 𝜁 ) =

( 

𝐿 ∑
𝑖 =1 

1 
𝑖 
(1 − 𝜁 )𝑖 

) 𝛼

, 

here 𝐿 ≤ 6 and 𝛼 > 0 . Note that 

• 𝛼 = 1 , it reduces to classical 𝐿 + 1 point backward difference for-
mula; 

• 𝐿 = 1 , it is the same as Grünwald-Letnikov difference operator. 

It is shown in [ 92 ] that the fractional linear multistep method typi-
ally gives 𝐿 -th order accuracy. However, for time dependent problems,
 direct application of this method to a space fractional operator with
∈ (1 , 2) often results in an unstable numerical scheme. This can be

vercomed by shifting the underlying fractional multistep method. Un-
ortunately, it reduces to first order accuracy for all possible 𝐿 after
hifting. Inspired by linear multistep method, we find that a linear com-
ination of different shifted first order difference operators leads to high
rder accuracy. 

More specifically, the shifted Lubich’s difference operator is defined
s 

𝛼,𝐿 

ℎ,𝑝 
𝑢 ( 𝑥 ) ∶= ℎ− 𝛼

∞∑
𝑘 =0 
𝑞
𝛼,𝐿 

𝑘 
𝑢 ( 𝑥 − ( 𝑘 − 𝑝 ) ℎ ) , 
664
here 𝑞𝛼,𝐿 
𝑘 

is the coefficient of Taylor expansion ( |𝜁 | ≤ 1 ) 

𝛼( 𝜁 ) =
∞∑
𝑘 =0 
𝑞
𝛼,𝐿 

𝑘 
𝜁𝑘 . 

t is only of first order accuracy if 𝑝 ≠ 0 as least for 𝐿 ≤ 2 . Assembling
he operators with different shifts, high order approximations can be
onstructed. 

WSGD method [ 55 ] ( 𝐿 = 1 ): A linear combination of two different
hifts 𝑝, 𝑞 gives 

 

𝐷
𝛼, 1 
ℎ,𝑝,𝑞 
𝑢 ( 𝑥 ) = 𝛼 − 2 𝑞 

2( 𝑝 − 𝑞) 
𝐴
𝛼, 1 
ℎ,𝑝 
𝑢 ( 𝑥 ) + 2 𝑝 − 𝛼

2( 𝑝 − 𝑞) 
𝐴
𝛼, 1 
ℎ,𝑞 
𝑢 ( 𝑥 ) . 

nder appropriate assumptions, it is proved (mainly using Fourier trans-
orm) that this approximation achieves second order accuracy for left RL
ractional derivatives. Similar results can be derived for right RL frac-
ional derivatives; see Remark 2.5 in [ 55 ]. Combining this with Crank-
icolson method gives a high order numerical scheme for space diffu-

ion equation. The numerical scheme is proved to be unconditionally
table when ( 𝑝, 𝑞) = (1 , 0) and ( 𝑝, 𝑞) = (1 , −1) as the eigenvalues of the
atrices corresponding to the discretized operators have negative real
arts. Moreover, 

𝑢𝑛 − 𝑈𝑛 ‖ ≤ 𝐶( 𝜏2 + ℎ2 
𝑥 
+ ℎ2 

𝑦 
) , 

here ‖ ⋅ ‖ denotes discrete 𝐿2 norm, and 𝜏, ℎ𝑥 , ℎ𝑦 are stepsizes. As
emonstrated in [ 55 ], a linear combination of more than two shifts can
chieve at least third order accuracy. However, the resulting numeri-
al scheme may not be unconditionally stable for some 𝛼 which greatly
imits its usage. 

WSLD method [ 54 ] ( 𝐿 = 2 ): A linear combination of four different
hifts. It can also be obtained by the following way. 

• second order: a linear combination of two first order approximations
( 𝑝 ≠ 𝑞) 
𝐿 𝐷

𝛼, 2 
ℎ,𝑝,𝑞 
𝑢 ( 𝑥 ) = 𝑞 

𝑝 − 𝑞 
𝐴
𝛼, 2 
ℎ,𝑝 
𝑢 ( 𝑥 ) + 𝑝 

𝑝 − 𝑞 
𝐴
𝛼, 2 
ℎ,𝑞 
𝑢 ( 𝑥 ) . 

• third order: a linear combination of two second order approxima-
tions ( 𝑟𝑠 ≠ 𝑝𝑞) 
𝐿 𝐷

𝛼, 2 
ℎ,𝑝,𝑞,𝑟,𝑠 

𝑢 ( 𝑥 ) = 𝑤1 𝐿 𝐷
𝛼, 2 
ℎ,𝑝,𝑞 
𝑢 ( 𝑥 ) + 𝑤2 𝐿 𝐷

𝛼, 2 
ℎ,𝑟,𝑠 
𝑢 ( 𝑥 ) , 

where 𝑤1 =
3 𝑟𝑠 +2 𝛼
3( 𝑟𝑠 − 𝑝𝑞) and 𝑤2 =

3 𝑝𝑞+2 𝛼
3( 𝑝𝑞− 𝑟𝑠 ) . 

• fourth order: a linear combination of two third order approximations

𝐿 𝐷
𝛼, 2 
ℎ,𝑝,𝑞,𝑟,𝑠,𝑝̄ ,𝑞 ,𝑟̄ ,𝑠̄ 

𝑢 ( 𝑥 ) = 𝑤3 𝐿 𝐷
𝛼, 2 
ℎ,𝑝,𝑞,𝑟,𝑠 

𝑢 ( 𝑥 ) + 𝑤4 𝐿 𝐷
𝛼, 2 
ℎ,𝑝̄ ,𝑞 ,𝑟̄ ,𝑠̄ 

𝑢 ( 𝑥 ) , 

where 𝑤3 and 𝑤4 are constants (see Theorem 2.4 of [ 54 ]). 

Similar to [ 55 ], a Crank-Nicolson method is used to derive fully
iscrete numerical scheme. Applying similar techniques as in WSGD
ethod, for some reasonable shifts, the proposed numerical scheme is

hown to be unconditionally stable. Moreover, 

𝑢𝑛 − 𝑈𝑛 ‖ ≤ 𝐶( 𝜏2 + ℎ4 
𝑥 
+ ℎ4 

𝑦 
) . 

Following the above constructions, there are two possible exten-
ions to get higher order accuracy: i) starting from fractional multistep
ethod when 𝐿 ≥ 3 ; ii) using advanced correction techniques to recover
igh order of shifted operator for 𝐿 ≥ 2 and then assembling them ap-
ropriately. 

.3. Tempered fractional Laplacian 

From [ 49 ], it is found that the PDF of above mentioned Lévy flight
nd tempered Lévy flight formally satisfies (see (20)-(22) and (31)-(33)
n [ 49 ]) 

𝜕𝑢 ( 𝑥, 𝑡 ) = −(−Δ + 𝜆)𝛽∕2 𝑢 ( 𝑥, 𝑡 ) , 𝑥 ∈ Ω ⊂ ℝ𝑑 , (39)
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here 

(−Δ + 𝜆)𝛽∕2 𝑢 = 𝑐𝑑,𝛽,𝜆 lim 

𝜖→0 ∫ℝ𝑑 ∖ 𝐵𝜖 ( 𝑥 ) 
𝑢 ( 𝑥, 𝑡 ) − 𝑢 ( 𝑦, 𝑡 ) 
𝑒𝜆|𝑥 − 𝑦 ||𝑥 − 𝑦 |𝑑+ 𝛽 𝑑𝑦 

s tempered fractional Laplacian of 𝑢 , with 𝑐𝑑,𝛽,𝜆 =
Γ( 𝑑∕2) 

2 𝜋𝑑 ∕2 |Γ(− 𝛽) | for 𝜆 > 0

nd 𝑐𝑑,𝛽, 0 =
𝛽Γ(( 𝑑+ 𝛽)∕2) 

21− 𝛽𝜋𝑑 ∕2 Γ(1− 𝛽∕2) for 𝜆 = 0 . There are more discussions relating

o tempered fractional Laplacian which is beyond the scope of this work;
ee [ 97 ] and references therein for details. 

Note that Eq. 39 is a time dependent problem. Hence, one needs
o specify initial and boundary conditions to make it well defined. The
nitial condition can be easily specified as the value of 𝑢 ( 𝑥, 0) in domain
. However, specifying the boundary condition is not trivial as the above
entioned Lévy process and tempered Lévy process have discontinuous
aths. As a consequence, the majority of trajectories of these stochastic
rocesses cannot hit the boundary 𝜕Ω. Therefore, one must account for
he information of 𝑢 ( 𝑥, 𝑡 ) on ℝ𝑑 ∖Ω. In [ 49 ], generalized Dirichlet type
nd Neumann type boundary conditions are discussed. Here, we focus
n the former one. As illustrated in [ 49 ], the appropriate generalized
irichlet type boundary conditions (refer to (40)-(42) and (49)-(51) in
 49 ]) are 

 ( 𝑥, 𝑡 ) |ℝ𝑑 ∖Ω = 𝑔( 𝑥, 𝑡 ) , 

here for some constants 𝐶, 𝑀 > 0 and small 𝜖 > 0 , when |𝑥 | ≥ 𝑀 ,
( 𝑥, 𝑡 ) should satisfy |𝑔( 𝑥, 𝑡 ) ||𝑥 |𝛽− 𝜖 < 𝐶, 
f 𝜆 = 0 and |𝑔( 𝑥, 𝑡 ) |
𝑒( 𝜆− 𝜖) |𝑥 | < 𝐶, 
f 𝜆 > 0 respectively. Under proper assumptions of 𝑔( 𝑥, 𝑡 ) , the well-
osedness of above time dependent equation is proved for 𝜆 = 0 (see
71)-(75) in [ 49 ]) and it is claimed that the results for the case 𝜆 > 0
an be similarly derived. 

In some situations, for particles undergoing Lévy flights or tempered
évy flights, the mean first passage time of particles and escape proba-
ility of particles are important. They are closely related to the corre-
ponding steady state equation of the time dependent Eq. 39 which is
iven by 
 

−(−Δ + 𝜆)𝛽∕2 𝑢 ( 𝑥 ) = 𝑓 ( 𝑥 ) , 𝑥 ∈ Ω, 
𝑢 ( 𝑥 ) = 𝑔( 𝑥 ) , 𝑥 ∈ ℝ𝑑 ∖Ω. (40) 

f 𝑓 ( 𝑥 ) = −1 , 𝑔( 𝑥 ) = 0 , the solution is the mean first passage time of par-
icles. If 𝑓 ( 𝑥 ) = 0 and 

( 𝑥 ) =
{ 

1 , 𝑥 ∈ 𝐻 ⊂ ℝ𝑑 ∖Ω, 
0 , 𝑥 ∈ ( ℝ𝑑 ∖Ω)∖ 𝐻, 

he solution represents the probability that particles land in 𝐻 after first
scaping Ω. 

Now, we discuss the well-posedness of Eq. 40 and the regularity of
he solutions of Eq. 40 when 𝑔( 𝑥 ) = 0 . For simplicity, let us first introduce
ome notations that is adopted in [ 98,99 ]. For 0 < 𝑠 < 1 , define 

𝑠 (Ω) = { 𝑣 ∈ 𝐿2 (Ω) ∶ |𝑣 |𝐻𝑠 (Ω) < ∞} , 

here 

𝑣 |𝐻𝑠 (Ω) = ( 

∫ ∫Ω×Ω
( 𝑣 ( 𝑥 ) − 𝑣 ( 𝑦 ))2 |𝑥 − 𝑦 |𝑑+2 𝑠 𝑑 𝑥𝑑 𝑦

) 1∕2 
, 

nd 

1+ 𝑠 (Ω) = { 𝑣 ∈ 𝐻1 (Ω) ∶ |𝜕𝑥𝑖 𝑣 | ∈ 𝐻𝑠 (Ω) , 1 ≤ 𝑖 ≤ 𝑑} . 

𝑠 (Ω) and 𝐻1+ 𝑠 (Ω) are equipped with norm ‖𝑣 ‖𝐻𝑠 (Ω) = ‖𝑣 ‖𝐿2 (Ω) +
𝑣 |𝐻𝑠 (Ω) and ‖𝑣 ‖𝐻1+ 𝑠 (Ω) = ‖𝑣 ‖𝐻1 (Ω) +

∑𝑑 

𝑖 =1 |𝜕𝑥𝑖 𝑣 |𝐻𝑠 (Ω) respectively. Fur-
her, let 

𝑠 (Ω) = { 𝑣 |Ω ∶ 𝑣 ∈ 𝐻𝑠 ( ℝ𝑑 ) , 𝑣 |ℝ𝑑 ∖Ω = 0} , 
665
nd ℍ− 𝑠 (Ω) be the dual of ℍ𝑠 (Ω) . 
For 𝜆 = 0 , by standard techniques, it is shown in [ 98,99 ] that for

 ∈ ℍ− 𝛽∕2 (Ω) , there exists a unique solution 𝑢 ∈ ℍ𝛽∕2 (Ω) of the weak
ormulation of Eq. 40 . Moreover, if 𝑓 ∈ 𝐻𝑟 (Ω) for some 𝑟 ≥ − 𝛽∕2 , we
hall get that 𝑢 ∈ ℍ𝛽∕2+ 𝛾 (Ω) with 𝛾 = min { 𝛽∕2 + 𝑟, 1∕2 − 𝜖} for arbitrarily
mall 𝜖 > 0 and 

𝑢 ‖ℍ𝛽∕2+ 𝛾 (Ω) ≤ 𝐶‖𝑓‖𝐻𝑟 (Ω) , 
olds for smooth domain Ω. If Ω is not smooth (e.g., Lipschitz domain),
hen 𝑢 ∈ ℍ𝛽∕2+1∕2− 𝜖(Ω) and it holds that 

𝑢 ‖ℍ𝛽∕2+1∕2− 𝜖 (Ω) ≤ 𝐶‖𝑓‖∗ , 
here ‖ ⋅ ‖∗ is some norm (see Theorem 3.3 in [ 99 ]). By defining ap-
ropriate weighted Sobolev spaces, an improved regularity result can
e obtained (see Theorem 3.5 in [ 99 ]). 

For 𝜆 > 0 , we consider 𝑑 = 1 [ 56 ]. Suppose that 𝑓 ∈ ℍ− 𝛽∕2 (Ω) , the
eak formulation of Eq. 40 reads: find 𝑢 ∈ ℍ𝛽∕2 (Ω) such that 

( 𝑢, 𝑣 ) = ⟨𝑓, 𝑣 ⟩, ∀𝑣 ∈ ℍ𝛽∕2 (Ω) , 

here the duality pair is defined by ⟨𝑓, 𝑣 ⟩ ∶= ∫Ω 𝑓𝑣𝑑𝑥 and the bilinear
orm is given by 

( 𝑢, 𝑣 ) ∶=
𝑐1 ,𝛽,𝛾

2 ∫ℝ ∫ℝ 
( 𝑢 ( 𝑥 ) − 𝑢 ( 𝑦 ))( 𝑣 ( 𝑥 ) − 𝑣 ( 𝑦 )) 

𝑒𝜆|𝑥 − 𝑦 ||𝑥 − 𝑦 |1+ 𝛽 𝑑 𝑥𝑑 𝑦. 

imilar to [ 98 ], using the Cauchy-Schwarz inequality, it is straightfor-
ard to show that the above bilinear form is continuous. Due to the ex-

stence of the term 𝑒𝜆|𝑥 − 𝑦 |, the method in [ 98 ] cannot be used directly to
rove the coercivity of 𝐵( 𝑢, 𝑣 ) . Fortunately, for Ω = ( 𝑎, 𝑏 ) , we are able to
rove that 𝐵( 𝑢, 𝑣 ) is coercive by introducing some new ideas (see Propo-
itions 3.2 and 3.3, Theorem 3.4 in [ 56 ]). Hence, by the Lax-Milgram
heorem, Eq. 40 admits a unique solution. Based on the above results,
 Riesz basis Galerkin numerical method is proposed in [ 56 ]. Using B-
plines 𝑀1 ( 𝑥 ) and 𝑀2 ( 𝑥 ) [ 100 ], i.e., 

1 ( 𝑥 ) =
{ 

1 , 𝑥 ∈ [0 , 1] , 
0 , otherwise , 

and 𝑀2 ( 𝑥 ) = ∫
1 

0 
𝑀1 ( 𝑥 − 𝑡 ) 𝑑𝑡, 

he approximation space 𝑉 𝑟 
𝑛 

( 𝑟 = 1 or 𝑟 = 2 ) is constructed as below 

𝑟 
𝑛 
= { 𝜙𝑟 

𝑛,𝑗 
( 𝑥 ) = 2𝑛 ∕2 𝑀𝑟 (2𝑛 𝑥 − 𝑗) , 𝑗 = 0 , 1 , ⋯ , 2𝑛 − 𝑟 } , 

or some 𝑛 satisfying 2𝑛 ≥ 2 𝑟 . We aim to find the numerical solution

𝑛 ∈ 𝑉 𝑟 𝑛 such that 

( 𝑢𝑛 , 𝑣𝑛 ) = ⟨𝑓, 𝑣𝑛 ⟩, ∀𝑣𝑛 ∈ 𝑉 𝑟 𝑛 . 

or 𝑢 ∈ 𝐻𝜇(Ω) ∩ ℍ𝛽∕2 (Ω) ( 𝜇 ≥ 𝛽∕2 ), it is shown that the numerical solu-
ion has the following approximation property 

𝑢 − 𝑢𝑛 ‖𝐻𝛽∕2 ( ℝ ) ≤ 𝐶2− 𝑛 (min 𝜇,𝑟 − 𝛽∕2) ‖𝑢 ‖𝐻𝛽∕2 (Ω) . 
.4. Tempered fractional Feynman-Kac equation 

Analyzing functional distribution of tempered anomalous dynam-
cs is one of the feasible approaches to characterize it. As illustrated
n Section 2 , such a functional distribution is typically governed by the
empered fractional Feynman-Kac equation [ 51,57 ]. In this part, we aim
o introduce an efficient time discretization method for solving the fol-
owing equation 

𝐷𝑡 ( 𝑥 ) 𝑢 ( 𝑥, 𝑡 ) − ( 𝜆𝛼 + Δ) 1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡 ) 

 − 𝑢0 ( 𝑥 )
(
𝜆𝛼1− 𝛼

𝑡 
− 𝜆

)
𝑒𝑖𝑝𝑈 ( 𝑥 ) 𝑡 

(41) 

ith initial condition 𝑢 ( 𝑥, 0) = 𝑢0 ( 𝑥 ) , 𝑥 ∈ Ω ⊂ ℝ𝑑 , and zero boundary
ondition. Here, 𝑝 is the parameter representing the characteristic func-
ion of the joint probability of ( 𝑥 ( 𝑡 ) , 𝐴 ) with 𝐴 = ∫ 𝑡 0 𝑈 ( 𝑥 ( 𝜏)) 𝑑𝜏, 𝐷𝑡 ( 𝑥 ) is
he substantial derivative given by 

𝑡 ( 𝑥 ) ∶= 𝜆 − 𝑖𝑝𝑈 ( 𝑥 ) + 𝜕 
, 
𝜕𝑡 
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nd 1− 𝛼
𝑡 

(0 < 𝛼 < 1) is the Riemann-Liouville fractional substantial
erivative given by 

1− 𝛼
𝑡 
𝑢 = 1 

Γ( 𝛼) 
𝐷𝑡 ( 𝑥 )∫

𝑡 

0 

𝑒−( 𝑡 − 𝑠 )( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 

( 𝑡 − 𝑠 )1− 𝛼
𝑢 ( 𝑥, 𝑠 ) 𝑑𝑠. 

Let us start with the well-posedness of Eq. 41 . The analysis is based
n the integral representation of 𝑢 , which is derived mainly using
aplace transform and inverse Laplace transform. In fact, taking Laplace
ransform of Eq. 41 gives 

 𝜂( 𝑧 ) − Δ) 𝛽( 𝑧 )1− 𝛼𝑢̂ ( 𝑥, 𝑧 ) = 𝑢0 ( 𝑥 ) 𝛽( 𝑧 )1− 𝛼
𝜂( 𝑧 ) 

𝑧 − 𝑖𝑝𝑈 ( 𝑥 ) 
, (42)

here 𝑢̂ ( 𝑥, 𝑧 ) is the Laplace transform of 𝑢 ( 𝑥, 𝑡 ) , 𝛽( 𝑧 ) , and 𝜂( 𝑧 ) are given
y 

( 𝑧 ) = 𝑧 + 𝜆 − 𝑖𝑝𝑈 ( 𝑥 ) and 𝜂( 𝑧 ) = 𝛽( 𝑧 )𝛼 − 𝜆𝛼, 

espectively. After getting an explicit expression of 𝑢̂ ( 𝑥, 𝑧 ) and then tak-
ng inverse Laplace transform, one obtains 

 ( 𝑥, 𝑡 ) = 1 
2 𝜋𝑖 ∫Γ𝜃,𝜅 𝑒

𝑧𝑡 𝛽( 𝑧 )𝛼−1 ( 𝜂( 𝑧 ) − Δ)−1 
( 

𝛽( 𝑧 )1− 𝛼
𝑢0 ( 𝑥 ) 𝜂( 𝑧 ) 
𝑧 − 𝑖𝑝𝑈 ( 𝑥 ) 

) 

𝑑𝑧, 

here Γ𝜃,𝜅 is a contour (see (2.25) in [ 57 ]). Under appropriate assump-
ions, it is proved that the above integral representation is the mild solu-
ion of tempered fractional Feynman-Kac Eq. 41 (see Proposition 3.1(3)
n [ 57 ]). One can note that the analysis is one of the main results in
 57 ] and the integral expression is very important in the analysis of the
umerical method in what follows. 

Now we present the time-stepping scheme that is derived from the
iscretization in frequency domain, i.e., discretization based on Eq. 42 .
o this aim, we first construct an approximation of 1− 𝛼

𝑡 
𝑢 ( 𝑥, 𝑡𝑛 ) in spatial

omain. Then the final discretization is motivated by relating a trans-
ormation of this approximation to the Laplace transform of 1− 𝛼

𝑡 
𝑢 ( 𝑥, 𝑡 ) .

ore specifically, we have 

• Approximation of 1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡𝑛 ) . By straightforward calculations, it is

observed that 

1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡 ) = 𝑒− 𝑡 ( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 

(
𝜕 

𝜕𝑡 

)1− 𝛼(
𝑒𝑡 ( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 𝑢 ( 𝑥,𝑡 ) 

)
, 

where 
(
𝜕 

𝜕𝑡 

)1− 𝛼
𝑢 is the standard Riemann-Liouville fractional deriva-

tive defined by (
𝜕 

𝜕𝑡 

)1− 𝛼
𝑢 ( 𝑥, 𝑡 ) = 1 

Γ( 𝛼) 
𝜕 

𝜕𝑡 ∫
𝑡 

0 
( 𝑡 − 𝑠 )𝛼−1 𝑢 ( 𝑥, 𝑠 ) 𝑑𝑠. 

Approximating 
(
𝜕 

𝜕𝑡 

)1− 𝛼
𝑢 by backward Euler convolution quadrature

𝜕̄1− 𝛼
𝜏
𝑢𝑛 =

1 
𝜏1− 𝛼

𝑛 ∑
𝑗=1 
𝑏
(1− 𝛼) 
𝑛 − 𝑗 𝑢𝑗 , 

where 𝜏 is the time step size and 𝑏(1− 𝛼) 
𝑛 − 𝑗 is the coefficient (see (2.5) in

[ 57 ]), one can obtain an approximation of 1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡𝑛 ) , that is, 

̄1− 𝛼
𝜏
𝑢𝑛 ( 𝑥 ) ∶= 𝑒− 𝑡𝑛 ( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 𝜕̄1− 𝛼

𝜏

(
𝑒𝑡𝑛 ( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 𝑢 ( 𝑥,𝑡 ) 

)
. 

• Transformation of ̄1− 𝛼
𝜏
𝑢𝑛 ( 𝑥 ) . It is found that 

∞∑
𝑛 =1 

̄1− 𝛼
𝜏
𝑢𝑛 ( 𝑥 ) 𝜁𝑛 =

( 

1 − 𝑒− 𝜏( 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 𝜁

𝜏

) 1− 𝛼 ∞∑
𝑛 =1 
𝑢𝑛 ( 𝑥 ) 𝜁𝑛 . 

Noticing that the Laplace transform of 1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡 ) is given by 

𝛽( 𝑧 )1− 𝛼𝑢̂ ( 𝑥, 𝑧 ) = ∫
∞

0 
1− 𝛼
𝑡 
𝑢 ( 𝑥, 𝑡 ) 𝑒− 𝑡𝑧 𝑑𝑡 

≈ 𝜏
∞∑
𝑛 =1 

̄1− 𝛼
𝜏
𝑢𝑛 ( 𝑥 ) 𝑒− 𝑡𝑛 𝑧 . 

Taking 𝜁 = 𝑒− 𝜏𝑧 and comparing above results motivate us to consider
the following approximations 

𝛽( 𝑧 ) ≈ 1 − 𝑒− 𝜏( 𝑧 + 𝜆− 𝑖𝑝𝑈 ( 𝑥 )) 

𝜏
, 𝑢̂ ( 𝑥, 𝑧 ) ≈ 𝜏

∞∑
𝑛 =1 
𝑢𝑛 ( 𝑥 ) 𝑒− 𝑡𝑛 𝑧 . 
666
We also apply above approximation of 𝛽( 𝑧 ) in 𝜂( 𝑧 ) . For 1∕( 𝑧 −
𝑖𝑝𝑈 ( 𝑥 )) , we use 𝜏𝑒− 𝜏( 𝑧 − 𝑖𝑝𝑈 ( 𝑥 )) ∕(1 − 𝑒− 𝜏( 𝑧 − 𝑖𝑝𝑈 ( 𝑥 )) ) instead of 𝜏∕(1 −
𝑒− 𝜏( 𝑧 − 𝑖𝑝𝑈 ( 𝑥 )) ) for analysis purpose. 

Based on the above discussions, the resulting numerical scheme is
btained, that is, 

(̄𝛼
𝜏
− 𝜆𝛼 − Δ)̄1− 𝛼

𝜏
𝑢𝑛 ( 𝑥 ) 

 𝑢0 ̄1− 𝛼
𝜏

(̄𝛼
𝜏
− 𝜆𝛼) 𝑒𝑖𝑝𝑈 ( 𝑥 ) 𝑡𝑛 , 𝑛 ≥ 1 . 

pplying Cauchy’s integral formula, we are able to get an integral ex-
ression of 𝑢𝑛 ( 𝑥 ) . With the help of explicit expressions of 𝑢 ( 𝑥, 𝑡 ) and 𝑢𝑛 ( 𝑥 ) ,
t is proved that (see Theorem 3.3 in [ 57 ]) 

𝑢 ( ⋅, 𝑡𝑛 ) − 𝑢𝑛 ‖𝑀(Ω) ≤ 𝐶‖𝑢0 ‖𝑀(Ω) 𝑡
−1 
𝑛 
𝜏, 𝑛 ≥ 1 , 

here ‖ ⋅ ‖𝑀(Ω) denotes the dual norm of 𝐶(Ω̄) . 

.5. Equation driven by fractional Gaussion noise 

Let us first briefly describe the equation considered in this part. As-
ume that Ω is a bounded domain, let 𝐵( 𝑡 ) be a standard Brownian mo-
ion with 𝐵(0) ∈ Ω and 𝑆( 𝑡 ) be a 𝛽-stable subordinator. Define a stochas-
ic process 𝑋( 𝑡 ) as follows 

( 𝑡 ) =
{ 

𝐵( 𝑆( 𝑡 )) , 𝑆( 𝑡 ) ≤ 𝜏Ω, 

Θ, 𝑆( 𝑡 ) ≥ 𝜏Ω, 

here 𝜏Ω = inf { 𝑡 > 0 ∶ 𝐵( 𝑡 ) ∉ Ω} is a stopping time of 𝐵( 𝑡 ) and Θ is a
offin state. From [ 101 ], it is seen that the infinitesimal generator of
( 𝑡 ) is the spectral fractional Laplacian operator (−Δ)𝛽 ( 𝛽 ∈ (0 , 1) ) that

s defined by 

−Δ)𝛽𝑢 =
∞∑
𝑘 =1 
𝜆
𝛽

𝑘 
( 𝑢, 𝜙𝑘 ) 𝜙𝑘 , 

here { 𝜆𝑘 , 𝜙𝑘 }∞𝑘 =1 are eigenvalues and eigenfunctions (in 𝐿2 (Ω) ) pairs
f −Δ with zero boundary condition. Then, the Fokker-Planck equation
elating to 𝑋( 𝑡 ) time changed by the inverse 𝛼-stable subordinator is 

𝜕𝑢 

𝜕𝑡 
+

(
𝜕 

𝜕𝑡 

)1− 𝛼
(−Δ)𝛽𝑢 = 0 . 

If there exists external fractional Gaussian noise and external source
erm depending on the density of particles, then we get the fractional
iffusion equation driven by fractional Gaussian noise [ 58 ] 

𝜕𝑢 

𝜕𝑡 
+

(
𝜕 

𝜕𝑡 

)1− 𝛼
(−Δ)𝑠 𝑢 = 𝑓 ( 𝑢 ) + ̇𝑊 𝐻 

𝑄 
, 𝑥 ∈ Ω, 𝑡 ∈ (0 , 𝑇 ] (43)

ith zero initial and boundary conditions. Here, 𝑓 is a nonlinear term
atisfying 

𝑓 ( 𝑢 ) ‖𝐿2 (Ω) ≤ 𝐶(1 + ‖𝑢 ‖𝐿2 (Ω) ) , ‖𝑓 ( 𝑢 ) − 𝑓 ( 𝑣 ) ‖𝐿2 (Ω) ≤ 𝐶‖𝑢 − 𝑣 ‖𝐿2 (Ω) . 
𝐻 
𝑄 

is the fractional Gaussian process defined by 

𝐻 
𝑄 

=
∞∑
𝑘 =1 

√
Λ𝑘 𝜙𝑘 𝑊𝐻 

𝑘 
, 

here 
{
𝑊𝐻 
𝑘 

}∞
𝑘 =1 are one dimensional fractional Brownian motions that

re mutually independent, 𝐻 ∈ (0 , 1) is the Hurst index, and 𝑄 is a non-
egative linear self-adjoint operator that has the same eigenfunctions
ith −Δ. The corresponding eigenvalues of 𝑄 are denoted by 

{
Λ𝑘 

}∞
𝑘 =1 . 

Now we are ready to discuss the regularity of the mild solution
f Eq. 43 . First, an equivalent expression of the mild solution is given
y taking Laplace transform and inverse Laplace transform, that is, 

 = ∫ 𝑡 0  ( 𝑡 − 𝑟 ) 𝑓 ( 𝑢 ( 𝑟 )) 𝑑𝑟 + ∫ 𝑡 0  ( 𝑡 − 𝑟 ) 𝑑𝑊 𝐻 
𝑄 

( 𝑟 ) 
= ∫ 𝑡 0  ( 𝑡 − 𝑟 ) 𝑓 ( 𝑢 ( 𝑟 )) 𝑑𝑟 +

∑∞
𝑘 =1 ∫ 𝑡 0 

√
Λ𝑘 𝐸𝑘 ( 𝑡 − 𝑟 ) 𝜙𝑘 𝑑𝑊 𝐻 

𝑘 
( 𝑟 ) , 

here 

 ( 𝑡 ) = 1 
2 𝜋𝒊 ∫Γ𝜃,𝜅 𝑒

𝑧𝑡 𝑧𝛼−1 ( 𝑧𝛼 + (−Δ)𝑠 )−1 𝑑𝑧 
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  
nd 

𝑘 ( 𝑡 ) =
1 
2 𝜋𝒊 ∫Γ𝜃,𝜅 𝑒

𝑧𝑡 𝑧𝛼−1 ( 𝑧𝛼 + 𝜆𝑠 
𝑘 
)−1 𝑑𝑧 

ith Γ𝜃,𝜅 being a contour as above. 
Then applying estimates of  ( 𝑡 ) and 𝐸𝑘 ( 𝑡 ) (see (2.5) and (2.6) in

 58 ]) and the regularization of noise (see Lemma 2.6 in [ 58 ]) [ ( 

∫
𝑇 

0 
𝑔( 𝑇 − 𝑟 ) 𝑑𝑊 𝐻 

𝑘 
( 𝑟 )

) 2 ] 

≤ 𝐶
‖‖‖‖‖
(
𝜕 

𝜕𝑡 

)1∕2− 𝐻 
𝑔
‖‖‖‖‖
2 

𝐿2 ([0 ,𝑇 ]) 
, 

ne can get the spatial regularity and temporal Hölder regularity of the
ild solution 𝑢 under appropriate assumptions, i.e., [‖(−Δ)𝜎𝑢‖2 

𝐿2 (Ω) 

] ≤ 𝐶, 𝔼
[ ‖‖‖‖ 𝑢 ( 𝑡 ) − 𝑢 ( 𝑡 − 𝜏) 

𝜏𝛾

‖‖‖‖2 𝐿2 (Ω) 
] 
≤ 𝐶, 

or some 𝜎 and 𝛾 (see Theorems 2.8 and 2.9 in [ 58 ]). 
Next, we present the numerical method in [ 58 ]. The main idea is

o apply spectral Galerkin method to discretize the fractional Laplacian

nd backward Euler convolution quadrature to discretize 
(
𝜕 

𝜕𝑡 

)1− 𝛼
𝑢 . The

rocedure is as follows: 

1. Semidiscrete scheme. Using the above eigenfunctions, define a finite
dimensional space 𝑉𝑁 as 

𝑉𝑁 = span { 𝜙1 , ⋯ , 𝜙𝑁 } ⊂ 𝐿2 (Ω) . 

Our objective is to find 𝑢𝑁 ( 𝑡 ) ∈ 𝑉𝑁 such that { 

𝜕𝑢𝑁 

𝜕𝑡 
+

(
𝜕 

𝜕𝑡 

)1− 𝛼
(−Δ)𝑠 

𝑁 
𝑢𝑁 = 𝑃𝑁 𝑓 ( 𝑢𝑁 ) + 𝑃𝑁 

̇𝑊 𝐻 
𝑄 
, 

𝑢𝑁 (0) = 0 , 
(44) 

where 𝑃𝑁 𝑢 =
∑𝑁 

𝑖 =1 ( 𝑢, 𝜙𝑖 ) 𝜙𝑖 is a projection of 𝐿2 (Ω) onto 𝑉𝑁 and
(−Δ)𝑠 

𝑁 
∶ 𝑉𝑁 → 𝑉𝑁 is defined by (

(−Δ)𝑠 
𝑁 
𝑢𝑁 , 𝑣𝑁 

)
=

(
(−Δ)𝑠 𝑢𝑁 , 𝑣𝑁 

)
, ∀𝑣𝑁 ∈ 𝑉𝑁 . 

Obviously, Eq. 44 has a similar form to Eq. 43 . Hence, by similar
techniques, one can obtain an explicit expression of 𝑢𝑁 ( 𝑡 ) as well as
the corresponding estimates. Further, one can get the spatial error 

𝔼
[‖𝑢 − 𝑢𝑁 ‖2 𝐿2 (Ω) ]1∕2 ≤ 𝐶( 𝑁 + 1)−2 𝜎∕𝑑 . 

2. Fully discrete scheme. The further discretization is based on Eq. 44 .
In fact, applying standard finite difference to 𝜕𝑢 

𝜕𝑡 
and ̇𝑊 𝐻 

𝑄 
in Eq. 44 ,

and backward Euler method to time fractional term 

(
𝜕 

𝜕𝑡 

)1− 𝛼
in Eq.

44 , one can get the fully discrete scheme of Eq. 43 

𝜕𝜏𝑢
𝑛 
𝑁 
+ 𝜕̄1− 𝛼

𝜏
(−Δ)𝑠 

𝑁 
𝑢𝑛 
𝑁 

= 𝑃𝑁 𝑓 ( 𝑢𝑛 −1 𝑁 
) + 𝑃𝑁 𝜕𝜏𝑊

𝐻 
𝑄 

( 𝑡𝑛 ) , 

where 𝜕𝜏𝑢 ( 𝑡𝑛 ) =
𝑢 ( 𝑡𝑛 )− 𝑢 ( 𝑡𝑛 −1 ) 

𝜏
and 𝜕̄1− 𝛼

𝜏
is the same as before. 

With the help of a proper transformation, one can also obtain an
explicit expression of 𝑢𝑛 

𝑁 
in a form similar to the one of 𝑢𝑁 ( 𝑡 ) . In this

manner, for sufficiently small 𝜖 > 0 , one can derive the following
temporal error 

𝔼
[ ‖‖‖𝑢𝑁 ( 𝑡𝑛 ) − 𝑢𝑛 

𝑁 

‖‖‖2 𝐿2 (Ω) 
] 1∕2 

≤ 𝐶𝜏𝐻− 𝜌𝛼∕𝑠 − 𝜖, 

where 0 < 𝜌 < min { 𝑠𝐻∕𝛼, 𝑠 } with 0 < 𝛼 < 1 . 

Using the above derived spatial and temporal error, by triangle in-
quality, the numerical approximation error is given by [ ‖‖‖𝑢 ( 𝑡𝑛 ) − 𝑢𝑛 

𝑁 

‖‖‖2 𝐿2 (Ω) 
] 1∕2 

≤ 𝐶
(
( 𝑁 + 1)−2 𝜎∕𝑑 + 𝜏𝐻− 𝜌𝛼∕𝑠 − 𝜖). 
o  

667
.6. Semilinear parabolic PDEs with infinite dimensional coupling 

In [ 68 ], Fokker-Planck equations and Feynman-Kac equations that
escribe some statistical observables of polymer dynamics models are
erived. These equations can be reformulated as semilinear parabolic
DEs with infinite dimensional coupling 
 

𝜕𝑢 ( 𝑛,𝑥,𝑡 ) 
𝜕𝑡 

+ 𝑛 𝑢 ( 𝑛, 𝑥, 𝑡 ) + 𝑥 𝑢 ( 𝑛, 𝑥, 𝑡 ) + 𝑓 = 0 , 
𝑢 ( 𝑛, 𝑥, 𝑇 ) = 𝑔( 𝑛, 𝑥 ) . 

(45) 

ere 𝑢 ∶ ℕ ×ℝ𝑑 × [0 , ∞) → ℝ is unknown, 𝑛 and 𝑥 are operators de-
ned by 

𝑛 𝑢 ( 𝑛 ) ∶=
{ 

𝛼(0)( 𝑢 (1) − 𝑢 (0)) , 𝑛 = 0 , 
𝛼( 𝑛 )( 𝑢 ( 𝑛 + 1) − 𝑢 ( 𝑛 )) + 𝛽( 𝑛 )( 𝑢 ( 𝑛 − 1) − 𝑢 ( 𝑛 )) , 𝑛 ≥ 1 , 

here 𝛼( 𝑛 ) , 𝛽( 𝑛 ) are given functions and 

𝑥 ∶=
1 
2 
Tr 

(
( 𝜎𝜎𝑇 )( 𝑛, 𝑥, 𝑡 ) 𝐻𝑒𝑠𝑠𝑥 

)
+ 𝜇( 𝑛, 𝑥, 𝑡 ) ⋅ ∇𝑥 

ith 𝜇 ∈ ℝ𝑑 , 𝜎 ∈ ℝ𝑑×𝑑 being vector-valued and matrix-valued functions,
espectively, 𝑔 and 𝑓 = 𝑓 ( 𝑡, 𝑛, 𝑥, 𝑢 ( 𝑛, 𝑥, 𝑡 ) , 𝜎𝑇 ∇𝑥 𝑢 ( 𝑛, 𝑥, 𝑡 )) being scalar-
alued functions. 

Because of the operator 𝑛 , Eq. 45 becomes an infinite dimensional
oupled lattice system. It is extremely difficult to solve it by traditional
umerical methods if it is not impossible. Hence, we turn to deep neural
etwork method. To be specific, we are going to extend standard deep
SDE method [ 64,65 ] that works well for high dimensional nonlinear
DEs to infinite dimensional systems Eq. 45 . 

If there is no operator 𝑛 , then standard deep BSDE method can be
pplied directly to Eq. 45 . Roughly speaking, one needs three steps to
onstruct a standard deep BSDE method [ 65 ], i.e., 

• Step 1: construct a stochastic process 𝑋( 𝑡 ) , 

𝑑 𝑋 ( 𝑡 ) = 𝜇𝑑𝑡 + 𝜎𝑑𝐵( 𝑡 ) , 𝑋(0) = 𝑥, 

the infinitesimal generator of which is exactly 𝑥 . 
• Step 2: derive a BSDE by applying Itô’s formula to 𝑢 ( 𝑋( 𝑡 ) , 𝑡 ) first and

then replacing 𝑢 ( 𝑋( 𝑡 ) , 𝑡 ) and 𝜎∇𝑥 𝑢 ( 𝑋( 𝑡 ) , 𝑡 ) by new notations 𝑌 ( 𝑡 ) and
𝑍( 𝑡 ) . In this manner, one can get 

𝑑𝑌 ( 𝑡 ) = − 𝑓 ( 𝑡, 𝑋( 𝑡 ) , 𝑌 ( 𝑡 ) , 𝑍( 𝑡 )) 𝑑𝑡 + 𝑍( 𝑡 )𝑇 𝑑𝐵( 𝑡 ) , 
𝑌 ( 𝑇 ) = 𝑔( 𝑋( 𝑇 )) 

with ( 𝑌 ( 𝑡 ) , 𝑍( 𝑡 )) = ( 𝑢 ( 𝑋 ( 𝑡 ) , 𝑡 ) , 𝜎∇𝑥 𝑢 ( 𝑋 ( 𝑡 ) , 𝑡 )) being the unique solution.
This together with Step 1 gives so-called forward-backward stochas-
tic differential equation (FBSDE) ⎧ ⎪ ⎨ ⎪ ⎩ 

𝑋( 𝑡 ) = 𝑋(0) + ∫ 𝑡 0 𝜇𝑑𝑠 + ∫ 𝑡 0 𝜎𝑑𝐵( 𝑠 ) , 
𝑌 ( 𝑡 ) = 𝑌 ( 𝑇 ) + ∫ 𝑇 

𝑡 
𝑓𝑑𝑠 − ∫ 𝑇 

𝑡 
𝑍( 𝑠 )𝑇 𝑑𝐵( 𝑠 ) 

𝑋(0) = 𝑥, 𝑌 ( 𝑇 ) = 𝑔( 𝑋( 𝑇 )) , 

Hence, Eq. 45 without operator 𝑛 can be formulated as a constrained
optimization problem below 

inf 
𝑌0 , { 𝑍𝑡 }0 ≤ 𝑡 ≤ 𝑇 

𝔼
[||𝑌𝑇 − 𝑔( 𝑋𝑇 )||2 ], 

such that { 

𝑋( 𝑡 ) = 𝑋(0) + ∫ 𝑡 0 𝜇𝑑𝑠 + ∫ 𝑡 0 𝜎𝑑𝐵( 𝑠 ) , 
𝑌 ( 𝑡 ) = 𝑌 (0) − ∫ 𝑡 0 𝑓𝑑𝑠 + ∫ 𝑡 0 𝑍( 𝑠 )𝑇 𝑑𝐵( 𝑠 ) . 

• Step 3: solve above optimization problem by discretizing constraints
and approximating 𝑌 (0) and 𝑍( 𝑡 ) via independent neural networks.
Since 𝑌 (0) = 𝑢 ( 𝑋(0) , 𝑡 = 0) = 𝑢 ( 𝑥, 0) , one can get an approximation of
𝑢 ( 𝑥, 0) . 

The deep learning method in [ 68 ] follows a similar procedure as
bove and handles issues incurred by operator 𝑛 . The first issue is to
nd an appropriate stochastic process whose infinitesimal generator is

𝑛 . Unfortunately, it is not easy to find such a process. This may be
vercomed partially by its microscopic description, i.e., the birth-death
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rocess 𝑁( 𝑡 ) that satisfies Eq. 8 . Since 𝑁( 𝑡 ) is essentially a jump process,
e are not able to eliminate 𝑛 totally as 𝑥 . In fact, applying Itô’s for-
ula to 𝑢 ( 𝑁( 𝑡 ) , 𝑋( 𝑡 ) , 𝑡 ) , one can get the following BSDE (see Lemma 2.1

nd Theorem 2.1 in [ 68 ]) 

 𝑢 ( 𝑁( 𝑡 ) , 𝑋 ( 𝑡 ) , 𝑡 ) = − 𝑓𝑑𝑡 + [∇𝑥 𝑢 ]𝑇 𝜎𝑑𝐵( 𝑡 )+ 

∫ℤ ∖{0} 𝛿𝑢 ( 𝑡, 𝑛 ; 𝑁( 𝑡 −))𝐽 ( 𝑑𝑡, 𝑑𝑛 ; 𝑁( 𝑡 −)) (46) 

ith terminal condition 𝑢 ( 𝑁( 𝑇 ) , 𝑋( 𝑇 ) , 𝑇 ) = 𝑔( 𝑁( 𝑇 ) , 𝑋( 𝑇 )) . Here
𝑢 ( 𝑡, 𝑛 ; 𝑁 ( 𝑡 −))= 𝑢 ( 𝑁 ( 𝑡 −) + 𝑛, 𝑋( 𝑡 ) , 𝑡 )− 𝑢 ( 𝑁( 𝑡− ) , 𝑋( 𝑡 ) , 𝑡 ) and 𝐽 ( 𝑑𝑡, 𝑑𝑛 ; 𝑁( 𝑡 −))
s a compensated counting random measure (see (2.4)-(2.6) in [ 68 ]).
bviously, one can approximate 𝑢 ( 𝑁(0) , 𝑋(0) , 0) and [∇𝑥 𝑢 ]𝑇 𝜎 in
q. 46 by independent neural networks as in Step 3. 

The remaining term in Eq. 46 is the second issue that we need to
eal with. It can be noted that for the above birth-death process 

∫ℤ ∖{0} 𝛿𝑢 ( 𝑡, 𝑛 ; 𝑁( 𝑡 −))𝐽 ( 𝑑𝑡, 𝑑𝑛 ; 𝑁( 𝑡 −)) 

= [ 𝑢 ( 𝑁( 𝑡 ) , 𝑋( 𝑡 ) , 𝑡 ) − 𝑢 ( 𝑁( 𝑡 −) , 𝑋( 𝑡 ) , 𝑡 )] 𝑑𝑡 

− 𝛼( 𝑁 ( 𝑡 −))[ 𝑢 ( 𝑁 ( 𝑡 −) + 1 , 𝑋( 𝑡 ) , 𝑡 ) − 𝑢 ( 𝑁( 𝑡 −) , 𝑋( 𝑡 ) , 𝑡 )] 𝑑𝑡 

− 𝛽( 𝑁 ( 𝑡 −))[ 𝑢 ( 𝑁 ( 𝑡 −) − 1 , 𝑋𝑡 , 𝑡 ) − 𝑢 ( 𝑁( 𝑡 −) , 𝑋( 𝑡 ) , 𝑡 )] 𝑑𝑡, 

here 𝑢 ( 𝑁( 𝑡 −) ± 1 , 𝑋( 𝑡 ) , 𝑡 ) are unknown. One may also approximate
hem using neural networks as in Step 3. For simplicity, we devise a
ector-valued neural network to approximate 𝛿𝑢 ( 𝑡, ±1; 𝑁( 𝑡 −)) directly. 

Till now, we have addressed two main issues encountered when ap-
lying deep BSDE method to Eq. 45 . The full deep BSDE method for
q. 45 can be derived easily following steps 1–3. We omit details here
nd refer interested readers to our work [ 68 ]. 

. Applications in chemistry and biology 

.1. Modeling telomere shortening process 

Aging is a complex biological process influenced by genes, environ-
ent, and lifestyle; and investigating its molecular and cellular changes

an uncover potential mechanisms and intervention strategies. Telom-
res are specific DNA sequences at the ends of linear chromosomes, and
heir shortening is associated with cellular aging, death, and cancer.
owever, some cells combat this process by expressing telomerase to

epair and lengthen telomeres [ 102,103 ]. Telomere shortening (TS) is
rimarily caused by incomplete replication of chromosomes, the action
f exonucleases, and damage induced by oxidative stress; this applica-
ion of above discussions will simulate the dynamic behavior of telomere
ength, derive macroscopic equations, and calculate the distribution of
elevant statistical measures [ 104 ]. 

In the medical field, the measurement of telomere length serves as a
rucial diagnostic tool [ 105 ]. To comprehend the complex processes of
S at the microscopic level, researchers have examined the underlying
echanisms of telomere length dynamics from a stochastic perspective.

According to [ 7 ], incomplete replication of chromosome ends leads
o TS, with the shortened length 𝐿1 following a normal distribution. The
robability of TS due to exonuclease activity is measured/assumed to be
.8, and the shortened length 𝐿2 follows a Poisson distribution. During
ellular replication, oxidative stress causes DNA damage to telomeres,
eading to a measured/assumed probability of TS of 0.1, and the short-
ned length 𝐿3 also follows a normal distribution. Then, there holds 

 = 1 × 1 
4 
× 𝐿1 + 0 . 8 × 1 

4 
× 𝐿2 + 0 . 1 × 1 

2 
× 𝐿3 ×𝑁, (47)

here 𝐿 represents the shortened length of the telomere and 𝑁 is the
umber of bases damaged in the DNA strand. 

It is assumed that the waiting time adheres to a tempered power-law
istribution, and that the TS jump length 𝐿 changes independently at
ach step. Considering the low probability of TS due to oxidative stress
amage, only the effects of incomplete replication at chromosome ends
668
nd exonuclease activity are taken into account. Therefore, 𝐿 = 𝐿1 + 𝐿2 ,
nd it is assumed that 𝐿1 and 𝐿2 are independent. Then, one can get the
DF of 𝐿 as 

 ( 𝐿 ) = 𝜑1 ( 𝐿1 ) ∗ 𝜑2 ( 𝐿2 ) ∑∞
𝐿2 =0 

[ 
1 √
2 𝜋𝜎

exp 
{ 

− ( 𝐿 − 𝜇− 𝐿2 )2 

2 𝜎2 

} 

× exp { − 𝜂} 𝜂
𝐿2 

𝐿2 ! 

] 
, 

(48) 

here “∗ ” represents the convolution operation, and 𝜂 is the intensity
f the Poisson distribution, 𝜇 and 𝜎 are the mean and variance of the
ormal distribution, respectively. 

Considering that the functional of length 𝐿 is the conditional proba-
ility density 𝐺 of 𝐿 (0) = 𝐿0 , one can derive the backward Feynman-Kac
quation [ 104 ] 

𝜕𝐺𝐿0 ( 𝑝,𝑡 ) 
𝜕𝑡 

 1− 𝛼,𝜆
𝑡 

[ 
( 𝜂+ 𝜇)(1+ 𝐵𝛼𝜆𝛼 ) 

𝐵𝛼

𝜕 

𝜕𝐿0 
+ 𝜎2 

2 𝐵𝛼
𝜕2 

𝜕𝐿2 0 
+ 𝜆𝛼

] 
𝐺𝐿0 

( 𝑝, 𝑡 ) 

−
[
𝜆 + 𝑝𝑈 ( 𝐿0 )

]
𝐺𝐿0 

( 𝑝, 𝑡 ) +
(
𝜆 − 𝜆𝛼1− 𝛼,𝜆

𝑡 

)
𝑒− 𝑝𝑈 ( 𝐿0 ) 𝑡 . 

(49) 

Since telomere length is not infinite at the onset of a cell’s life but
tarts with an initial length of 𝑙0 . When telomeres shorten to a certain
egree, the stability of the genome within the cell is compromised, ul-
imately leading to cellular aging, death, or cancer. Specifically, when
he length of the shortest telomere in the cell reaches the critical thresh-
ld 𝑙𝑐 , the cell’s capacity for division becomes restricted and it begins to
enesce. Therefore, the upper bound of the shortened length is 𝑙0 − 𝑙𝑐 . 

The occupation time is the total time for a telomere to shorten the
ength between [0 , 𝑙0 − 𝑙𝑐 ] in the observation time [0 , 𝑡 ] , which can be
efined as [ 104 ] 

+ = ∫
𝑡 

0 
𝑈 ( 𝐿 ( 𝜏)) 𝜏, (50)

here 

( 𝐿 ) =
{ 

1 , 𝐿 ∈ [0 , 𝑙0 − 𝑙𝑐 ] , 
0 , 𝐿 ∉ [0 , 𝑙0 − 𝑙𝑐 ] . 

(51)

Exploring the total time of TS deepens our insight into cell aging
echanisms. TS is closely tied to the development of diseases like can-

er, cardiovascular issues, and neurological conditions, offering key
lues for prevention and treatment strategies. This application aids in
nti-aging research and understanding disease progression. In [ 104 ],
igure 4 shows 𝐽 ( 𝑡 ) peaking before declining to zero, indicating the time
ost cell telomeres reach 𝑙𝑐 . Due to the monotonically decreasing dis-

ribution of TS jump lengths, the occupancy time shares the same shape
s the distribution of the first passage time. 

.2. Time-changed tempered fractional Langevin-Brownian motion 

In certain real-world datasets, such as those in biology [ 106,107 ],
nancial time series [ 108 ], ecology [ 109 ], and physics [ 110 ], a time-
hanged stochastic process is required. This process involves substitut-
ng the deterministic time variable with a positive, non-decreasing ran-
om process, which results in a blend of two independent random pro-
esses. One of these processes is referred to as the external process (or
he original process), while the other is known as the internal process
or a subordinator). 

Tempered fractional Langevin equation is driven by tempered frac-
ional Gaussian noise 𝛾( 𝑡 ) [ 44 ]. It is also a Gaussian process and can be
ritten as 

 

 

 

 

 

𝑑𝑥 ( 𝑠 ) 
𝑑𝑠 

= 𝑣 ( 𝑠 ) , 
𝑑𝑣 ( 𝑠 ) 
𝑑𝑠 

= − ∫ 𝑠 0 𝐾( 𝑠 − 𝜏) 𝑣 ( 𝜏) 𝑑𝜏 + 𝜌𝛾( 𝑠 ) , 
𝑑𝑡 ( 𝑠 ) 
𝑑𝑠 

= 𝜂( 𝑠 ) , 
(52) 

here 𝜌 =
√
2 𝑘𝐵 𝑇 , the kernel 

( 𝑡 ) = 2 ⟨𝛾(0) 𝛾( 𝑡 ) ⟩ = ℎ−2 ( 𝐶2 
𝑡 + ℎ |𝑡 + ℎ |2 𝐻 + 𝐶2 

𝑡 − ℎ |𝑡 − ℎ |2 𝐻 − 2 𝐶2 
𝑡 
|𝑡 |2 𝐻 ) 
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or a sufficient small ℎ , 

2 
𝑡 
= 2Γ(2 𝐻) 

( 2 𝜆|𝑡 |) 2 𝐻 − 2Γ( 𝐻 + 1 
2 ) 𝐾𝐻 ( 𝜆|𝑡 |) √

𝜋(2 𝜆|𝑡 |)𝐻 , 

nd 𝐾𝐻 ( 𝑡 ) is the modified Bessel function of second kind. We assume
he initial velocity satisfies the condition 𝑣2 0 = 𝑘𝐵 𝑇 . 

The PDF of the subordinated process 𝑋( 𝑡 ) ∶= 𝑥 ( 𝑠 ( 𝑡 )) can be written
s 

 ( 𝑥, 𝑡 ) = ∫
∞

0 
𝑝0 ( 𝑥, 𝑠 ) 𝑓 ( 𝑠, 𝑡 ) 𝑑𝑠, (53)

here 𝑝0 ( 𝑥, 𝑠 ) is the PDF of the original process 𝑥 ( 𝑠 ) and 𝑓 ( 𝑠, 𝑡 ) is the PDF
f the inverse 𝛽-stable subordinator 𝑠 ( 𝑡 ) . The moments of subordinated
rocess 𝑋( 𝑡 ) could be obtained by the relation 

𝑡 →𝑢 ⟨𝑋𝑛 ( 𝑡 ) ⟩ = 𝑢𝛽−1 𝑠 →𝑢𝛽 ⟨𝑥𝑛 ( 𝑠 ) ⟩ (54)

n Laplace space. According to Eq. 54 , with the time evolution the first
nd second moments of the subordinated process 𝑋( 𝑡 ) ∶= 𝑥 ( 𝑠 ( 𝑡 )) behave
s 

𝑋( 𝑡 ) ⟩ ∶ √
𝑘𝐵 𝑇 

𝛽Γ( 𝛽) 
𝑡𝛽 (55)

nd 

𝑋2 ( 𝑡 ) ⟩ ∶ 𝑘𝐵 𝑇 

𝛽Γ(2 𝛽) 
𝑡2 𝛽 → 𝐹 𝑡(2−2 𝐻) 𝛽 →

√
𝑘𝐵 𝑇 𝐴 

𝛽Γ(2 𝛽) 
𝑡2 𝛽 , (56)

here 𝐸 =
√
𝑘𝐵 𝑇 ∕

[
2 𝐷𝐻 Γ2 ( 𝐻 + 1∕2)Γ(2 𝐻 + 1)Γ((1 − 2 𝐻) 𝛽 + 1)

]
and

 = 𝑘𝐵 𝑇 ∕
[
𝐷𝐻 Γ2 ( 𝐻 + 1∕2)Γ(2 𝐻 + 1)Γ((2 − 2 𝐻) 𝛽 + 1)

]
. The MSD of the

ime-changed tempered fractional Langevin equation evolves over time
s [ 46 ] 

(Δ𝑋( 𝑡 ))2 ⟩ ∶ ( 𝑘𝐵 𝑇 

𝛽Γ(2 𝛽) −
𝑘𝐵 𝑇 

𝛽2 Γ2 ( 𝛽) 

)
𝑡2 𝛽 → 𝐹 𝑡(2−2 𝐻) 𝛽 − 𝐸2 𝑡2(1−2 𝐻) 𝛽

→

( √
𝑘𝐵 𝑇 𝐴 

𝛽Γ(2 𝛽) −
𝐴2 

( 𝛽Γ( 𝛽))2 

) 

𝑡2 𝛽 . 
(57) 

his implies that the time-changed tempered fractional Langevin process
xhibits different characteristics at different time scales. 

. Future prospects 

.1. Biological macromolecules dynamics 

The four most essential macromolecules in living organisms are nu-
leic acids, proteins, polysaccharides, and lipids. Materials like plastics,
ubber, and fibers, which are types of polymer materials, have dra-
atically changed our daily life. These substances are created through

he processes of polymerization and depolymerization from similar
onomers. When studying the kinetic behavior of these materials, it’s

rucial to take into account not only the polymer’s inherent movement
haracteristics but also the effects of chemical interactions during poly-
erization and depolymerization, as well as the influence of the sur-

ounding environment. To delve deeper into the kinetic behavior of cell
ivision and intact polymer proteins within living organisms, the fol-
owing research initiatives are planned for future exploration. 

.1.1. Kinetic modeling of microtubules 

The dynamics and control of microtubules are vital for the proper
unctioning and division of all eukaryotic cells [ 111,112 ]. As depicted
n [ 111 ], microtubules extend and attach to the replicated DNA, form-
ng a spindle and generating the pulling force that initiates cell divi-
ion. Therefore, investigating the growth and regulation at the ends of
icrotubules can enhance our understanding of the mitotic behavior in

ukaryotic cells. 
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.1.2. Protein synthesis, transport, and movement 

Protein serves as a fundamental polymer in the human body, and
ts synthesis is a direct outcome of gene expression, which encompasses
 series of processes such as transcription and translation. During the
ene transcription process, RNA polymerase II moves along the DNA se-
uence, synthesizing mRNA. This movement can exhibit three distinct
hases: transcriptional elongation, backtracking, and regressive recov-
ry [ 113 ]. The translation process takes place in the ribosomes, hence
equiring the transportation of the transcribed mRNA from the nucleus
o the intended location following the completion of transcription [ 4 ].
he diffusion of synthesized proteins, like neurotransmitter receptors,
n the surface of cell membranes can be influenced by crowded envi-
onments (as depicted in [ 5 ]). Therefore, it is both interesting and im-
ortant to consider the modeling of the periodic behavior of proteins. 

.2. Multi-fluid modeling 

.2.1. Modeling sediment transport by wind 

The collective process of sand and dust being emitted, transported,
nd deposited by the wind is known as aeolian processes, named after
he Greek god Aeolus, who was the keeper of the winds [ 114,115 ]. Aeo-
ian processes occur in areas where there is an ample supply of granular
aterial and winds of sufficient force to move them through the at-
osphere. On Earth, this phenomenon is most pronounced in deserts,

n beaches, and in other areas with sparse vegetation, such as dried-
p lake beds. The blowing of sand and dust in these regions plays a
ivotal role in shaping the landscape through the formation of sand
unes and ripples, the erosion of rocks, and the creation and trans-
ort of soil particles. Furthermore, airborne dust particles can be car-
ied for thousands of kilometers from their original source, impacting
eather and climate, ecosystem productivity, the hydrological cycle,
nd various other components of the Earth’s system. Consequently, the
tudy of the kinetic behavior of wind-blown sand is a significant area of
esearch. 

.2.2. Modeling fluid and solid interaction 

The study of microclimates within plant canopies has long been a
ource of inspiration for scientists engaged in diverse research fields,
ncluding agronomy, ecology, and silviculture. It was nearly a century
go that the first measurements of wind speed within a forest stand were
ublished in [ 116 ]. The behavior of wind in the canopy is an important
omponent of the canopy microclimate, which largely determines the
ate of exchange of heat, water vapor, and other associated gases and
articles with the atmosphere. Consequently, the second topic of study
s the interactions in the canopy and the wind field, which can be of
reat assistance in wind and sand control, seed dispersal [ 117 ], and in
nderstanding inversions in agriculture. 

.2.3. Modeling wind and fluid interaction, and the aroused enhanced 

iffusion 

Ocean-atmosphere interactions exert a significant influence on the
arine environment. For instance, hurricanes can impact upper ocean

emperatures [ 118,119 ], while interactions between ocean currents
nd winds affect surface carbon concentrations and air-sea carbon ex-
hange in the Southern Ocean [ 120 ]. Global warming can be inter-
upted by the Pacific circulation [ 121 ], and the interactions between
he ocean and wind can directly impact the dispersion of marine pollu-
ants [ 122 ] and more. Therefore, general coupled ocean-atmosphere and
ollutant dispersion modeling is an important and intriguing research
opic. 

.3. General form of chemotaxis model 

The myxobacteria are ubiquitous soil bacteria that aggregate under
onditions of starvation and construct fruiting bodies as a means of sur-
ival. The mechanisms underlying their social gliding, aggregation, and
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ruiting body formation have remained poorly understood until recently.
n [ 123 ], a stochastic cellular automaton model is presented with the ob-
ective of describing and providing an understanding of the mechanisms
y which the bacteria manage to build higher-organized structures. 

This model is affected by three factors which are, slime, diffusing
hemoattractant, and inertia of motion. Therefore, an interesting topic
s to derive the equations satisfied by the statistical observables of this
hemotaxis model. By studying the equations, one can well understand
he chemotaxis phenomena. 
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