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Abstract. The deep backward stochastic differential equation (BSDE) method is a deep learn-
ing algorithm for solving high-dimensional partial differential equations (PDEs) in the whole space,
which is trained using the sampled trajectories of microscopic stochastic processes; however, gener-
ally it is incapable of solving the problems on a manifold or with boundary constraints. To overcome
this issue, we propose a strategy compliant with BSDE theory in this paper, termed the Constraint-
Informed BSDE method. The key idea of the Constraint-Informed BSDE method is to first construct
appropriate stochastic processes based on the physical implications of boundary conditions and man-
ifold constraints, and further derive the BSDEs that the solutions to the corresponding PDEs satisfy.
Specifically, we derive the BSDEs satisfied by the solutions of PDEs with Neumann and Dirichlet
boundary conditions on multifold sphere and in high-dimensional domain. Finally, we demonstrate
the performance of the Constraint-Informed BSDE method through extensive numerical experi-
ments. Since there is no need to explicitly incorporate boundary conditions into the loss function,
Constraint-Informed BSDE method exhibits sufficient accuracy, stability, and strong robustness.
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1. Introduction. Partial differential equations (PDEs) are important tools for
modeling real-world phenomena, having a wide range of applications in various fields
[17], such as bioscience, fluid mechanics, meteorology, and finance. We need to develop
appropriate algorithms to effectively solve the built PDEs. The traditional numerical
methods, such as finite difference methods, finite element methods, and spectral meth-
ods, provide effective and highly accurate approximations for the solutions of PDEs;
however, their computational complexity grows exponentially with the increase of di-
mensions. Benefiting from the powerful high-dimensional representation capability of
deep neural networks, a large number of deep learning solvers have been developed.
In these algorithms, neural networks are typically used as approximation functions
of high-dimensional solutions and are trained by constructing loss functions based on
PDEs. Inspired by traditional numerical schemes, there are four categories of popular
deep learning frameworks. The first framework is the physics-informed neural network
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DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1381

(PINN) [15], similar to the least square method, which constructs the loss function
using the L2 norm of the residual between the two sides of the PDE. The second is the
deep Ritz method [3], obtaining the loss function based on the energy functional of
the PDE. The third one targets PDEs that do not have an energy functional, solving
the equation through adversarial learning [19], which is similar to the Petrov--Galerkin
method. In this paper, we focus on the fourth framework, termed the deep backward
stochastic differential equation (BSDE) method [6], which embodies a strong machine
learning essence: first, it requires deriving the BSDE that the solution to the PDE
satisfies by constructing an appropriate microscopic stochastic process; second, it uses
sampled trajectories of the stochastic process to train the BSDE. Subsequently, Wang
and Deng extend the deep BSDE method to solve macroscopic equations for polymer
center of mass [16] and develop deep learning algorithms for fractional PDEs based
on BSDE theory for jump process [1].

The deep BSDE method focuses on a class of high-dimensional semilinear para-
bolic PDEs

\partial 

\partial t
u(t, x) +\nabla xu(t, x) \cdot \mu (t, x) +

1

2
Tr
\bigl( 
\sigma \sigma T (t, x) (Hessxu) (t, x)

\bigr) 
+ f

\bigl( 
t, x,u(t, x), (\sigma T\nabla xu)(t, x)

\bigr) 
= 0

(1.1)

with terminal condition u(T,x) = u0(x). The key idea of deep BSDE method is to
transform (1.1) into the forward-backward stochastic differential equations (FBSDEs)\left\{       

X(t) =X(0) +

\int t

0

\mu (s,X(s))ds+

\int t

0

\sigma (s,X(s))dB(s),

Y (t) = Y (T ) +

\int T

t

f (s,X(s), Y (s),Z(s))ds - 
\int T

t

[Z(s)]T dB(s),

(1.2)

which share the same solutions (Y (t),Z(t)) = (u(t,X(t)), (\sigma T\nabla xu)(t,X(t))) of (1.1)
and can be solved using deep learning. Benefiting from the theory of existence and
uniqueness [11] of BSDE (1.2), one can solve for the solution at any target po-
sition of interest without obtaining the global solution; furthermore, there is no
need for differential operations (because of the existence and uniqueness of Z(t) =
(\sigma T\nabla xu)(t,X(t))), which can be directly approximated by a neural network and sig-
nificantly improves algorithm efficiency and reduces computational costs. As for the
convergence of the deep BSDE method, one can refer to [7, 4]. Benefiting from the
relationship between the forward stochastic process X(t) and the operators in the
PDE, this method can be combined with observation data to enhance the model's
extensibility [1]. However, when u(t, x) is the solution of a problem with boundary
constraints or on a manifold, this method fails because the stochastic process X(t)
moves in the whole space.

To effectively solve PDEs with boundary constraints on a manifold, we pro-
pose the Constraint-Informed BSDE method, which is consistent with the theory of
BSDEs with stopping time [14, 11, 2, 13, 12]. The key idea of the Constraint-Informed
BSDE method is to construct appropriate stochastic processes based on the physical
implications of boundary conditions and manifold constraints, and further derive the
BSDEs that the solutions to the corresponding PDEs satisfy. Specifically, we derive
the BSDEs satisfied by the solutions of PDEs with Neumann and Dirichlet boundary
conditions on multifold sphere and in high-dimensional domain. Finally, we demon-
strate the performance of the Constraint-Informed BSDE method through extensive
numerical experiments.
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C1382 HENG WANG AND WEIHUA DENG

The remainder of the paper is organized as follows. In section 2, we will elaborate
on the main content of the Constraint-Informed BSDE method, which specifically
includes the derivation of BSDEs for PDEs with Neumann and Dirichlet boundary
conditions on mulitfold sphere and in high-dimensional domain, and design the as-
sociated deep learning algorithms. Subsequently, in section 3, we demonstrate the
performance of the proposed algorithms through extensive numerical experiments.
Finally, the paper is concluded in section 4.

2. Methodology. Let x(\theta ,\phi ) = [sin\theta cos\phi , sin\theta sin\phi , cos\theta ]T be the coordinate
transformation that maps the polar coordinates (\theta ,\phi ) on the unit sphere to Cartesian
coordinates. We consider the parabolic PDE

\partial 

\partial t
p(t, xS , xE) +\nabla Ep(t, xS , xE) \cdot \mu (t, xE) +

1

2
Tr
\bigl( 
\sigma \sigma T (t, xE) (HessEp) (t, xS , xE)

\bigr) 
+\Delta Sp(t, xS , xE) + f

\bigl( 
t, xS , xE , p(t, xS , xE),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(t, xS , xE)

\bigr) 
= 0

(2.1)

with the Neumann boundary condition \partial 
\partial np(t, xS , xE)| (xS ,xE)\in \Gamma 1

= h(t, xS , xE), the
Dirichlet boundary condition p(t, xS , xE)| (xS ,xE)\in \Gamma 2

= g(t, xS , xE), and the terminal
condition p(T,xS , xE) = g(T,xS , xE). Here, t \in [0, T ] represents the time variable,
xS = (x(\theta 1, \phi 1), . . . , x(\theta dS

, \phi dS
)) \in \Omega S1

\times \cdot \cdot \cdot \times \Omega SdS
\subset \partial B(0,1)dS denotes the dS-fold

sphere variable, xE \in \Omega E \subset \BbbR dE is the dE-dimensional space variable, \Gamma 1 and \Gamma 2 are
the boundaries of \Omega =\Omega S1\times \cdot \cdot \cdot \times \Omega SdS

\times \Omega E , \mu and \sigma are known dE-dimensional vector-
valued and dE \times dE-dimensional matrix-valued functions, f is a known nonlinear
function, \nabla Ep and HessEp denote the gradient and the Hessian of function p with
respect to xE , Tr denotes the trace of a matrix, and \Delta S is defined as the summation
of the Laplace--Beltrami operators on spheres

\Delta Si
u(\theta i, \phi i) =

1

sin\theta i

\partial 

\partial \theta i

\biggl( 
sin\theta i

\partial 

\partial \theta i
u(\theta i, \phi i)

\biggr) 
+

1

sin2 \theta i

\partial 2

\partial \phi 2i
u(\theta i, \phi i)

with diffusion coefficient Di, which takes the form

\Delta Su(x(\theta 1, \phi 1), . . . , x(\theta dS
, \phi dS

)) =

dS\sum 
i=1

Di\Delta Si
u(x(\theta 1, \phi 1), . . . , x(\theta dx

, \phi dx
)).

In this section, we will elaborate on the details of the Constraint-Informed BSDE
method, which is a BSDE-based deep learning algorithm for solving (2.1). To pro-
vide readers with an overview of the method as a whole, we first present the overall
architecture of the Constraint-Informed BSDE method in Figure 1.

2.1. Constraint-Informed FBSDEs. We focus on the FBSDEs satisfied by
the solution to (2.1), which constitutes the first step in designing the deep learning al-
gorithm and requires overcoming two issues: the first is the singularity issue of 1/ sin\theta 
(as \theta \rightarrow 0, \pi ) in the Laplace--Beltrami operator; the second is that (2.1) is defined
on the bounded domain, which prevents us from directly conducting the derivation
merely by defining a forward process of the form given in (1.2). In this part, we first
outline our key ideas for overcoming the singularity problem and the boundedness
problem, and then, we derive the FBSDEs; finally, we propose a reformulation of the
obtained FBSDEs to theoretically ensure its correctness.

Singularity. The singularity problem of the Laplace--Beltrami operator at x(\theta \in 
\{ 0, \pi \} , \phi ) actually depends on how the polar coordinate system is constructed and is

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/2

7/
26

 to
 1

61
.8

1.
19

1.
15

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1383
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𝑡𝑡𝑘𝑘+1

Fig. 1. The overall architecture of Constraint-Informed BSDE method. Starting from t0, pt0 ,

for each other time layer, the Constraint-Informed BSDE block receives the ptk = p(tk,X
tk
S ,X

tk
E )

(output from the previous block), X
tk
S =XS(tk), and X

tk
E =XE(tk). Based on the iterative scheme

constructed by the Constraint-Informed FBSDEs, these modules update forward by one step in
conjunction with a fully connected neural network. Finally, the neural network outputs ptN =
\^p(\scrT ,XS(\scrT ),XE(\scrT );\theta ); the discrepancy between ptN and the true value is used to construct the
loss function, which in turn optimizes the network parameters.

not a ``physical"" problem. The points farthest from the singular points are (\theta ,\phi ) \in 
\{ \pi /2\} \times [0,2\pi ), so the key idea of addressing the singularity issue is to parameterize
the target point at the polar angle \theta = \pi /2 with a default azimuthal angle \phi = 0.
To ``incorporate"" this spherical information into the FBSDEs, we define a rotation
matrix T (x(\theta ,\phi )) = Ry(\theta  - \pi /2)Rz(\phi ), where Rz(\phi ) and Ry(\theta ) denote the rotation
matrices that rotate clockwise by \phi degrees around the z-axis and by \theta degrees around
the y-axis, respectively, with the form

Rz(\phi ) =

\left[  cos\phi sin\phi 0
 - sin\phi cos\phi 0

0 0 1

\right]  , Ry(\theta ) =

\left[  cos\theta 0  - sin\theta 
0 1 0

sin\theta 0 cos\theta 

\right]  .(2.2)

The matrix T (x(\theta ,\phi )) is to rotate x(\theta ,\phi ) to the fixed point x(\pi /2,0). It is noted that
for some given rotation matrices T (\^xi), i= 1, . . . , dS , if we denote

\^x(xS) = (T (\^x1)
 - 1x(\theta 1, \phi 1), . . . , T (\^xdS

) - 1x(\theta dS
, \phi dS

))

and p\^x(t, xS , xE) = p(t, \^x(xS), xE), then p\^x satisfies

\partial 

\partial t
p\^x(t, xS , xE) +\nabla Ep\^x(t, xS , xE) \cdot \mu (t, xE) +

1

2
Tr
\bigl( 
\sigma \sigma T (t, xE) (HessEp\^x) (t, xS , xE)

\bigr) 
+\Delta Sp\^x(t, xS , xE) + f

\bigl( 
t, \^x(xS), xE , p\^x(t, xS , xE),

\bigl( 
\sigma T\nabla Ep\^x

\bigr) 
(t, xS , xE)

\bigr) 
= 0

(2.3)

with the Neumann boundary condition \partial 
\partial np\^x(t, xS , xE)| (\^x(xS),xE)\in \Gamma 1

= h(t, \^x(xS), xE),
the Dirichlet boundary condition p\^x(t, xS , xE)| (\^x(xS),xE)\in \Gamma 2

= g(t, \^x(xS), xE), and the
terminal condition p\^x(T,xS , xE) = g(T, \^x(xS), xE). Property (2.3) is crucial for over-
coming the singularity, as the singularity of this equation at x(\theta i, \phi i) = x(\pi /2,0),
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C1384 HENG WANG AND WEIHUA DENG

i = 1, . . . , dS , disappears, making it a key step in the subsequent derivation of the
BSDE.

Boundedness. There are two constraint conditions that restrict the solution
of (2.1) to a bounded domain: the Neumann boundary condition and the Dirichlet
boundary condition. The key idea to address the constraint imposed by the Neumann
boundary condition is to extend (2.1) to the whole space by leveraging its physical
interpretation as a prescribed net flux across the boundary. Therefore, for the physical
domain \Omega , we may assume that there exist some mirrored systems in the mirror-
symmetric domains \Omega xb

with respect to the tangent planes (which have unit inward
normal vectors n(xb)) at all boundary points xb \in \Gamma 1. This results in a mirror-
connected system of the original region \Omega with respect to the boundary point xb, which
can be described by the mirror reflection map \scrF (x) = x+2((xb  - x) \cdot n(xb))n(xb) for
x\in \Omega xb

. The Dirichlet boundary condition means that the value of p at the boundary
point (xS , xE)\in \Gamma 2 is enforced to be g(t, xS , xE), and the location of reaching \Gamma 2 can
be recorded by the first hitting time of the forward process.

Now, we can begin to define the Constraint-Informed stochastic processes, XS(t)
and XE(t), corresponding to the variables xS and xE , respectively. Among them,
XS(t) = [XS1

(t), . . . ,XSdS
(t)]T is a stochastic process on a dS-fold spherical sur-

face, driven by a Brownian motion BS(t) = [BS1
(t), . . . ,BSdS

(t)]T with components

BSi
(t) = [B\theta i(t),B\phi i

(t)]T . For all i= 1, . . . , dS , the component process XSi
(t) satisfies

XSi(0) = \xi Si \in \Omega Si ,

\~XSi
(t+ dt) =XSi

(t) + T (XSi
(t)) - 1dBSi

(\pi /2,0)(t),(2.4)

and

XSi
(t+ dt) = \~XSi

(t+ dt) + nSi
(xbSi

(t))d| RSi
| (t),(2.5)

where dBSi(\pi /2,0)(t) = x(\pi /2 +
\surd 
2DidB\theta i(t),

\surd 
2DidB\phi i(t)) - x(\pi /2,0), d| RSi | (t) =

\BbbI \~XSi
(t+dt)/\in \Omega Si

2(xbSi
(t) - \~XSi

(t+ dt)) \cdot nSi
(XSi

(t)), xbSi
(t) denotes the boundary point

passed when moving fromXSi
(t) to \~XSi

(t+dt), and nSi
(xSi

) is the unit inward normal
vector of domain \Omega Si at the boundary point xSi \in \partial \Omega Si . The stochastic process XE(t)
is driven by a dE-dimensional Brownian motion BE(t) and satisfies XE(0) = \xi E \in \Omega E ,

\~XE(t+ dt) =XE(t) + \mu (t,XE(t))dt+ \sigma (t,XE(t))dBE(t),(2.6)

and

XE(t+ dt) = \~XE(t+ dt) + nE(x
b
E(t))d| RE | (t),(2.7)

where d| RE | (t) = \BbbI \~XE(t+dt)/\in \Omega E
2(xbE(t) - \~XE(t+ dt)) \cdot nE(XE(t)), x

b
E(t) denotes the

boundary point passed when moving from XE(t) to \~XE(t + dt), and nE(xE) is the
unit inward normal vector of domain \Omega E at the boundary point xE \in \partial \Omega E .

Here, (2.4) and (2.6) indicate that XS(t) and XE(t) undergo stochastic motion
driven by the random driving terms. In (2.4), the rotation matrix T (XSi

(t)) - 1 pre-
ceding the driving term, combined with property (2.3), can overcome the singularity
of the Laplace--Beltrami operators in the subsequent derivation of the BSDE. There-
fore, (2.5) and (2.7) imply that if the positions XSi(t) and XE(t) after one step of
random motion lie outside the closure of the corresponding domains \Omega Si and \Omega E ,
the mirror reflections are applied to them, and then, the new positions are taken as
the postmotion positions of XSi

(t+ dt) and XE(t+ dt); otherwise, \~XSi
(t+ dt) and

\~XE(t+dt) are directly used as their own postmotion positions. It should be noted that
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DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1385

the stochastic processes driven by Brownian motion are continuous; therefore, exiting
the regions \~XSi(t+ dt) /\in \Omega Si and \~XE(t+ dt) /\in \Omega E implies that at the previous time
step, the processes were on the boundary of the regions, i.e., xbSi

(t) =XSi(t) \in \partial \Omega Si

and xbE(t) =XE(t)\in \partial \Omega E .

Remark 2.1. In fact, if we substitute (2.4) and (2.6) into (2.5) and (2.7), respec-
tively, and then integrate with respect to time t, we can obtain\left\{       

XSi
(t) = \xi Si

+

\int t

0

T (XSi
(s)) - 1dBSi

(\pi /2,0)(s) +RSi
(t),

XE(t) = \xi E +

\int t

0

\mu (s,XE(s))ds+

\int t

0

\sigma (s,XE(s))dBE(s) +RE(t),

(2.8)

where RSi
(t) =

\int t

0
nSi

(XSi
(s))d| RSi

| (s), and RE(t) =
\int t

0
nE(XE(s))d| RE | (s). Equa-

tion (2.8) is the SDE with reflection. Under the assumption that the boundary \partial \Omega is
of class C2, and that there exist C\mu \in \BbbR and C\sigma > 0 such that for all u, v \in \BbbR dE ,

(i) \langle u - v,\mu (t, u) - \mu (t, v)\rangle \leq C\mu | u - v| 2,
(ii) | \sigma (t, u) - \sigma (t, v)| \leq C\sigma | u - v| ,

one can obtain that (2.8) has unique solution pairs (XSi
(t),RSi

(t)) and (XE(t),RE(t))
(see, e.g., [12]). Therefore, (2.4)--(2.7) provide an intuitive representation of the re-
flected SDE, making it easier to understand and facilitating the design of algorithms.

To formalize the stopping event of (XS(t),XE(t)) upon reaching the boundary \Gamma 2,
we define the first hitting time Tf = inf\{ s; (XS(t),XE(t))\in \Gamma 2\} and denote \scrT = T\wedge Tf .
Driven by the Constraint-Informed stochastic processesXS(t) andXE(t), one can now
derive the corresponding Constraint-Informed BSDE (see Appendix A)

p(t\wedge \scrT ,XS(t\wedge \scrT ),XE(t\wedge \scrT )) - g(\scrT ,XS(\scrT ),XE(\scrT ))

=

\int \scrT 

t\wedge \scrT 
f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)), (\sigma 

T\nabla Ep)(s,XS(s),XE(s))
\bigr) 
ds

 - 
dS\sum 
i=1

\int \scrT 

t\wedge \scrT 

\sqrt{} 
2Di[\nabla Si

p(s,XS(s),XE(s))]
TT (XSi

(s)) - 1\nabla \theta ,\phi x(\pi /2,0)dBSi
(s),

 - 
\int \scrT 

t\wedge \scrT 
[\nabla Ep(s,XS(s),XE(s))]

T
\sigma (s,XE(s))dBE(s)

+

\int \scrT 

t\wedge \scrT 
h(s,XS(s),XE(s))

\Biggl( 
dS\sum 
i=1

d| RSi | (s) + d| RE | (s)

\Biggr) 
,

(2.9)

where \nabla Sip denotes the gradient of function p with respect to x(\theta i, \phi i), and \nabla \theta ,\phi x is
for the gradient of function x(\theta ,\phi ) with respect to (\theta ,\phi ). It should be pointed out that
when f(t, xS , xE , p,\nabla Ep) = c(t, xS , xE)p, the solution p(t, xS , xE) has the stochastic
representation

p(t, xS , xE) =\BbbE 

\Biggl[ 
e
\int \scrT 
t

c(s,X
xS,t

S (s),X
xE,t

E (s))dsg(\scrT ,XxS ,t
S (\scrT ),XxE ,t

E (\scrT ))

+

\int \scrT 

t

e
\int s
t
c(r,X

xS,t

S (r),X
xE,t

E (r))drh(s,XxS ,t
S (s),XxE ,t

E (s))d| R| (s)

\Biggr] 
,

(2.10)
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C1386 HENG WANG AND WEIHUA DENG

where XxS ,t
S (s) is the solution of (2.4) and (2.5) with XS(t) = xS , X

xE ,t
E (s) is solution

of (2.6) and (2.7) with XE(t) = xE , and d| R| (s) =
\sum dS

i=1 d| RSi
| (s) + d| RE | (s).

Remark 2.2. Equation (2.9) can lead to a BSDE with stopping time, which has
the form

Y (t\wedge \scrT ) = g(\scrT ,XS(\scrT ),XE(\scrT )) +
\int \scrT 

t\wedge \scrT 
f(s,XS(s),XE(s), Y (s),ZE(s))ds

 - 
dS\sum 
i=1

\int \scrT 

t\wedge \scrT 
[ZSi

(s)]T dBSi
(s) - 

\int \scrT 

t\wedge \scrT 
[ZE(s)]

T dBE(s)

+

\int \scrT 

t\wedge \scrT 
h(s,XS(s),XE(s))

\Biggl( 
dS\sum 
i=1

d| RSi | (s) + d| RE | (s)

\Biggr) 
.

(2.11)

The well-posedness of BSDE with stopping time and its connection with parabolic
PDEs with Neumann and Dirichlet boundary conditions have been studied (cf., e.g.,
[12, 2, 14, 13]). If p \in C1,2([0, T ]\times \Omega ) is a classical solution of (2.1), then the deriva-
tion of (2.9) can be carried out directly using It\^o's formula. This forward reasoning
shows that the solution of (2.1) belongs to the set of solutions of the BSDE (2.11).
Conversely, the existence and uniqueness for BSDE (2.11) implies that the solution
obtained by directly solving this BSDE coincides with that of (2.1).

2.2. Constraint-Informed BSDE method. In this subsection, we proceed to
design the Constraint-Informed BSDE method based on the obtained FBSDEs (2.4)--
(2.7) and (2.9). For a given partition of the time interval [0, T ] : 0 = t0 < t1 < \cdot \cdot \cdot <
tN = T , one can apply temporal discretizations to (2.4)--(2.7), which are

\~XSi
(tk+1)\approx XSi

(tk) + T (XSi
(tk))

 - 1\Delta BSi
(\pi /2,0) (tk),(2.12)

XSi(tk+1)\approx \~XSi(tk+1) + nSi(x
b
Si
(tk))\Delta | RSi | (tk),(2.13)

\~XE(tk+1)\approx XE(tk) + \mu (tk,XE(tk))\Delta tk + \sigma (tk,XE(tk))\Delta BE(tk),(2.14)

and

XE(tk+1)\approx \~XE(tk+1) + nE(x
b
E(tk))\Delta | RE | (tk).(2.15)

By determining whether the line connecting the positions at two time steps passes
through the boundary \Gamma 2, we can obtain an approximation of the first hitting time

Tf \approx min
\Bigl\{ 
tk;\{ s[ \~XS(tk+1), \~XE(tk+1)]

T

+ (1 - s)[XS(tk),XE(tk)]
T ;s\in [0,1]\} \cap \Gamma 2 \not = \emptyset 

\Bigr\} 
\cup \{ +\infty \} .

Then, we can apply a temporal discretization to (2.9) to obtain

p(tk+1,XS(tk+1),XE(tk+1)) - p(tk,XS(tk),XE(tk))

(2.16)

\approx 

\Biggl[ 
 - f

\bigl( 
tk,XS(tk),XE(tk), p(tk,XS(tk),XE(tk)),

\bigl( 
\sigma T\nabla E

\bigr) 
p(tk,XS(tk),XE(tk))

\bigr) 
\Delta tk
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DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1387

+

dS\sum 
i=1

\sqrt{} 
2Di[\nabla Sip(tk,XS(tk),XE(tk))]

TT (XSi(tk))
 - 1\nabla \theta ,\phi x(\pi /2,0)\Delta BSi(tk)

+ [\nabla Ep(tk,XS(tk),XE(tk))]
T\sigma (tk,XE(tk))\Delta BE(tk)

 - h (tk,XS(tk),XE(tk))

\Biggl( 
dS\sum 
i=1

\Delta | RSi
| (tk) +\Delta | RE | (tk)

\Biggr) \Biggr] 
\BbbI \{ tk\leq Tf\} .

In the above discrete schemes, \Delta tk = tk+1  - tk, \Delta BE(tk) = BE(tk+1)  - BE(tk),
\Delta BSi

(tk) = [\Delta B\theta i(tk),\Delta B\phi i
(tk)]

T , \Delta B\theta i(tk) = B\theta i(tk+1)  - B\theta i(tk), \Delta B\phi i
(tk) =

B\phi i
(tk+1) - B\phi i

(tk),

\Delta BSi
(\pi /2,0)(tk) = x(\pi /2 +

\sqrt{} 
2Di\Delta B\theta i(tk),

\sqrt{} 
2Di\Delta B\phi i

(tk)) - x(\pi /2,0),(2.17)

\Delta | RSi | (tk) = \BbbI \~XSi
(tk+1)/\in \Omega Si

2(xbSi
(tk) - \~XSi(tk+1)) \cdot nSi(x

b
Si
(tk)),(2.18)

\Delta | RE | (tk) = \BbbI \~XE(tk+1)/\in \Omega E
2(xbE(tk) - \~XE(tk+1)) \cdot nE(xbE(tk)),(2.19)

and xbSi
(tk) and x

b
E(tk) denote the boundary points passed when moving from XSi

(tk)

to \~XSi
(tk+1) and from XE(tk) to \~XE(tk+1), respectively, which can also be approx-

imated as the boundary points closest to \~XSi
(tk+1) and \~XE(tk+1). The trajectories

of \{ XS1(tk), . . . ,XSdS
(tk),XE(tk)\} 0\leq k\leq N can be sampled using (2.12)--(2.15), and the

functions (xS , xE) \mapsto \rightarrow p(0, xS , xE) and (xS , xE) \mapsto \rightarrow \nabla xS ,xE
p(tk, xS , xE) can be approx-

imated using two different neural networks

p(0, xS , xE)\approx \psi p(xS , xE ;\theta p)

and

\nabla xS ,xE
p(tk, xS , xE)\approx \psi \nabla p(xS , xE ;\theta \nabla pk

),

for k = 0, . . . ,N  - 1, where \theta p and \{ \theta \nabla pk
\} 0\leq k\leq N - 1 are corresponding trainable pa-

rameters. The terminal value g(\scrT ,XS(\scrT ),XE(\scrT )) can be approximated using (2.16),
denoted by \^p(\scrT ,XS(\scrT ),XE(\scrT );\theta ) with parameters \theta = \{ \theta p, \theta \nabla p0

, . . . , \theta \nabla pN - 1
\} . Fi-

nally, we can train the neural network by minimizing the loss function

Loss(\theta ) =\BbbE 
\Bigl[ 
| \^p(\scrT ,XS(\scrT ),XE(\scrT );\theta ) - g(\scrT ,XS(\scrT ),XE(\scrT ))| 2

\Bigr] 
.(2.20)

The above discussion yields the Constraint-Informed BSDE method, as detailed in
Algorithm 2.1. The full architecture of Constraint-Informed BSDE method is shown
in Figure 1.

Remark 2.3. It should be noted that (2.12)--(2.20) can be regarded as a Monte
Carlo approximation of variational problem

inf
Y (0),\{ ZS(t),ZE(t)\} 0\leq t\leq T

\BbbE 
\Bigl[ 
| g(\scrT ,XS(\scrT ),XE(\scrT )) - Y (T )| 2

\Bigr] 
(2.21)

s.t.XSi
(t) = \xi Si

+

\int t

0

T (XSi
(s)) - 1dBSi

(\pi /2,0)(s) +RSi
(t), i= 1, . . . , dS ,

XE(t) = \xi E +

\int t

0

\mu (s,XE(s))ds+

\int t

0

\sigma (s,XE(s))dBE(s) +RE(t),
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C1388 HENG WANG AND WEIHUA DENG

Algorithm 2.1. The algorithm of the Constraint-Informed BSDE method.

Input: Neural networks \psi p(xS , xE | \theta p) and \{ \psi \nabla p(xS , xE | \theta \nabla pk
)\} 0\leq k\leq N - 1, maximum

number of iterations \scrN , the partition of the time interval [t, T ] : t= t0 < t1 < \cdot \cdot \cdot <
tN - 1 < tN = T , and learning rate \alpha 

Output: Neural network \psi p(xS , xE | \theta p)
Initialize step = 1
while step\leq \scrN do

Generate XS(t0) = \xi S , XE(t0) = \xi E
p(t0,XS(t0),XE(t0))\leftarrow \psi (XS(t0),XE(t0)| \theta p)
for k from 0 to N  - 1 do

Generate \Delta BS1
(tk), . . . ,\Delta BSdS

(tk),\Delta BE(tk)

\Delta BSi(\pi /2,0)(tk)\leftarrow x(\pi /2 +
\sqrt{} 
2Dxi

\Delta B\theta i(tk),
\sqrt{} 

2Dxi
\Delta B\phi i

(tk)) - x(\pi /2,0)
\nabla xS ,xE

p(tk,XS(tk),XE(tk))\leftarrow \psi \nabla p(XS(tk),XE(tk)| \theta \nabla pk
)

\{ \~XSi
(tk+1)\} 1\leq i\leq dS

(2.12)\leftarrow  -  -  -  - \{ XSi
(tk),\Delta BSi

(\pi /2,0)(tk)\} 1\leq i\leq dS

\{ \Delta | RSi
| (tk)\} 1\leq i\leq dS

(2.18)\leftarrow  -  -  -  - \{ \~XSi
(tk+1), x

b
Si
(tk), nSi

(xbSi
(tk))\} 1\leq i\leq dS

\~XE(tk+1)
(2.14)\leftarrow  -  -  -  - XE(tk),\Delta BE(tk)

\Delta | RE | (tk)
(2.19)\leftarrow  -  -  -  - \~XE(tk+1), x

b
E(tk), nE(x

b
E(tk))

p(tk+1,XS(tk+1),XE(tk+1))
(2.16)\leftarrow  -  -  -  - p(tk,XS(tk),XE(tk)),

\nabla p(tk,XS(tk),XE(tk)),XS(tk),XE(tk),

\{ \Delta BSi(tk)\} 1\leq i\leq dS
,\Delta BE(tk),

\{ \Delta | RSi | (tk)\} 1\leq i\leq dS
,\Delta | RE | (tk)

\{ XSi
(tk+1)\} 1\leq i\leq dS

(2.13)\leftarrow  -  -  -  - \{ \~XSi
(tk+1), x

b
Si
(tk), nSi

(xbSi
(tk))\} 1\leq i\leq dS

XE(tk+1)
(2.15)\leftarrow  -  -  -  - \~XE(tk+1), x

b
E(tk), nE(x

b
E(tk))

if Tf <\infty then
\^p(\scrT ,XS(\scrT ),XE(\scrT );\theta )\leftarrow p(tk+1,XS(tk+1),XE(tk+1))
Break

end if
end for
Loss(\theta )\leftarrow \BbbE [| \^p(\scrT ,XS(\scrT ),XE(\scrT );\theta ) - g(\scrT ,XS(\scrT ),XE(\scrT ))| 2]
\theta 

SGD algorithm\leftarrow  -  -  -  -  -  -  -  -  - \theta ,\alpha ,\nabla \theta Loss(\theta )
step\leftarrow step + 1

end while
return \theta p

Y (t) = Y (0) - 
\int t

0

\BbbI \{ s\leq \scrT \} f(s,XS(s),XE(s), Y (s),ZE(s))ds

+

dS\sum 
i=1

\int t

0

\BbbI \{ s\leq \scrT \} [ZSi
(s)]T dBSi

(s) +

\int t

0

\BbbI \{ s\leq \scrT \} [ZE(s)]
T dBE(s)

 - 
\int t

0

\BbbI \{ s\leq \scrT \} h(s,XS(s),XE(s))

\Biggl( 
dS\sum 
i=1

d| RSi | (s) + d| RE | (s)

\Biggr) 
.

The solution of the FBSDEs (2.8) and (2.11) is a minimizer of the variational problem
(2.21). The well-posedness of the FBSDEs ensures the existence and uniqueness of the
minimizer and allows us to solve PDE (2.1) with complex constraints by solving the
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DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1389

variational problem (2.21), thereby avoiding automatic differentiation, the sampling
of boundary points, global solution, and the singularity problem.

3. Numerical results. In this section, we will present the performance of the
Constraint-Informed BSDE method through specific numerical examples, along with
that of the baseline PINN [15]. The neural network employed is a fully connected
neural network with 5 hidden layers, a width of 32+d+dout with the input dimension d
and the output dimension dout, and the Tanh activation function. The Adam optimizer
[9] is used to minimize the loss function, with the learning rate of 10 - 3, the number
of iterations 104, and the batch size 512. To validate the method, we consider the
relative L2 error

EL2
=

\sqrt{} \sum M
i=1 | \^p(xi) - p(xi)| 

2\sqrt{} \sum M
i=1 | p(xi)| 

2
,(3.1)

where M represents the total number of the test points chosen randomly in the
domain, and \^p(xi) and p(xi) represent the predicted and the exact solution val-
ues, respectively. We open the source code for readers to test: https://github.com/
WANGH950/CIBSDE.

3.1. Burgers' equation. We consider the Burgers' equation\left\{       
\partial 

\partial t
p(t, x) - p(t, x) \partial 

\partial x
p(t, x) +

0.01

\pi 

\partial 2

\partial x2
p(t, x) = 0, (t, x)\in [0, T ]\times [ - 1,1],

p(t, - 1) = p(t,1) = 0, t\in [0, T ],
p(T,x) = - sin(\pi x), x\in [ - 1,1].

(3.2)

The solution p(t, x) to (3.2) exhibits a sharp change near x = 0. Consequently, the
baseline PINN incurs significant errors when using uniform sampling [5]. We adopt
this case as a numerical example for nonlinear problems.

We set T = 1, N = 100, and obtain the solutions of (3.2) at the time instants
t = 0,0.25,0.5,0.75 using the Constraint-Informed BSDE method and the baseline
PINN. Both methods are implemented with the Adam optimizer for 104 iterations,
without any pretraining or fine-tuning.

Table 1 presents the predicted relative L2 errors of two methods, and Figure 2
plots the solutions to (3.2) obtained by two deep learning methods at four different
time steps t = 0.75, 0.5, 0.25, 0. The baseline PINN is trained 104 iterations with a
learning rate of 10 - 3 by uniformly sampling batch size samples, respectively, within
the domain [0,1] \times [ - 1,1], on the boundary [0,1] \times \{  - 1,1\} , and at the terminal
time \{ 1\} \times [ - 1,1]. It can be observed that as the predicted time horizon increases,
the error of the Constraint-Informed BSDE method rises relatively slowly, while the
error of baseline PINN gradually accumulates. Furthermore, the Constraint-Informed
BSDE method can capture the sharp change features of the solution without any
additional operations, whereas PINN performs slightly worse in this aspect. This also
demonstrates that the Constraint-Informed BSDE method exhibits strong robustness.

3.2. Heat conduction in a square metal. We consider the 2-dimensional
heat equation\left\{       

\partial 

\partial t
p(t, x) +D\Delta xp(t, x) = 0, (t, x)\in [0, T ]\times \Omega ,

\nabla xp(t, x) \cdot nx = h(x), (t, x)\in [0, T ]\times \partial \Omega ,
p(T,x) = (sin(x1) + 1)(cos(x2) + 1), x\in \Omega ,

(3.3)
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Table 1
The relative L2 errors between the solutions of (3.2) (obtained by Constraint-Informed BSDE

method and baseline PINN) and the ``exact"" solution (obtained by the finite difference method) at
four time instants t= 0.75, 0.5, 0.25, 0.

t 0.75 0.5 0.25 0

PINN 0.1112 0.3034 0.4384 0.5314
EL2 Ours 0.0171 0.0772 0.0628 0.0819

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

p(
t=

0.
75

,x
)

exact solution
Constraint-Informed BSDE method

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

p(
t=

0.
75

,x
)

exact solution
PINN

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

p(
t=

0.
5,

x)

exact solution
Constraint-Informed BSDE method
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Fig. 2. Plots of the solutions to (3.2) obtained by Constraint-Informed BSDE method (left
column, red dashed line) and the baseline PINN (right column, red dashed line) at four different
time steps t = 0.75, 0.5, 0.25, 0, where the ``exact"" solutions are obtained by the finite difference
method.

where \Omega = [0,2\pi ]\times [0,2\pi ] is a square region and

h(x) =

\left\{     
0, x\in [0,2\pi ]\times \{ 0,2\pi \} ,
1, x\in \{ 0\} \times [0,2\pi ],

 - 1, x\in \{ 2\pi \} \times [0,2\pi ].
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Fig. 3. Plots of the solutions to (3.3) obtained by the Constraint-Informed BSDE method (first
row) and the baseline PINN (third row) at time instants t = 0.75, 0.5, 0.25, 0 (from left column
to right column), along with their absolute errors (the second line corresponds to the Constraint-
Informed BSDE method and the fourth line is for the baseline PINN) relative to the ``exact"" solution
(obtained by the finite difference method).

The solution to (3.3) describes the temperature distribution on a square metal plate
at time T - t (with thermal diffusivity D and initial temperature distribution p(T,x)).
During the evolution, a constant unit heat flux is applied to the left boundary to heat
the plate, while a constant unit heat flux is released through the right boundary. The
upper and lower boundaries are thermally insulated, meaning no heat is lost through
them. Therefore, we use this example to test the performance of the Constraint-
Informed BSDE method in handling problem with Neumann boundary condition.

We set T = 1, D = 0.5, N = 100, and obtain the solutions of (3.3) using the
Constraint-Informed BSDE method and the baseline PINN. Figure 3 shows the solu-
tions to (3.3) obtained by the Constraint-Informed BSDE method (first line) and the
baseline PINN (third line) at time instants t = 0.75, 0.5, 0.25, 0 (from left column
to right column), along with their absolute errors (the second line corresponds to the
Constraint-Informed BSDE method and the fourth line is for the baseline PINN) rela-
tive to the ``exact"" solution (obtained by the finite difference method). Both methods
are trained without any other operations, using the Adam optimizer with a learning
rate of 10 - 3 and a batch size of 512, and 104 iteration steps. It can be observed that
our algorithm significantly outperforms the baseline PINN.

Table 2 presents the relative L2 errors of PINN and our algorithm at the four
time instants. It can be seen that the relative error of the Constraint-Informed BSDE

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/2

7/
26

 to
 1

61
.8

1.
19

1.
15

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y
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Table 2
The relative L2 errors between the solutions of (3.3) (obtained by Constraint-Informed BSDE

method and baseline PINN), and the ``exact"" solution (obtained by the finite difference method) at
four time instants t= 0.75, 0.5, 0.25, 0.

t 0.75 0.5 0.25 0

PINN 0.1275 0.1915 0.2472 0.2963
EL2 Ours 0.0557 0.0415 0.0300 0.0266

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
T-t

39.5

40.0

40.5

41.0

41.5

p(
t,

x)
dx PINN

Constaint-Informed BSDE method
4 2

Fig. 4. Plots of the variation of the energy over time, computed from the solutions obtained by
the Constraint-Informed BSDE method (red solid line with stars) and the PINN method (blue solid
line with dots), as well as the exact energy (green solid line).

method remains basically stable, while the relative error of PINN accumulates over
time.

Since (3.3) has identical heat influx and outflux, its solution must satisfy the
conservation law. Figure 4 illustrates the energy variation over time obtained by the
two methods. It is evident that the energy obtained by the Constraint-Informed
BSDE method remains stable around the exact energy, whereas the baseline PINN
exhibits an unstable linear increasing trend.

3.3. Diffusion in an annular region. We consider the 2-dimensional diffusion
equation \left\{               

\partial 

\partial t
p(t, x) +D\Delta xp(t, x) = 0, (t, x)\in [0, T ]\times \Omega ,

\nabla xp(t, x) \cdot nx = 0, (t, x)\in [0, T ]\times \partial \Omega ,

p(T,x) =
16

\pi 
, x\in B(x0, r),

p(T,x) = 0, x\in \Omega \setminus B(x0, r),

(3.4)

where \Omega = B(0,1) \setminus B(0,0.5) is an annular region, and x0 = [0.75,0], r = 0.25. The
solution to (3.4) describes the distribution at time T  - t of a freely moving Brownian
particle (with a diffusion coefficient D and the initial distribution p(T,x)) within the
domain \Omega . The outer boundary \Gamma 1 = \{ x : | x| = 1\} \subset \partial \Omega is convex outward, and its
inner boundary \Gamma 2 = \{ x : | x| = 0.5\} \subset \partial \Omega is concave inward. This example is used to
test the performance of the Constraint-Informed BSDE method in solving diffusion
equations over complex domains.

We set T = 1, D = 0.5, N = 100, and obtain the solutions of (3.4) using
the Constraint-Informed BSDE method and the baseline PINN. Figure 5 plots the
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Fig. 5. Plots of the absolute error of the solution to (3.4), obtained by the Constraint-Informed
BSDE method (red solid line with stars) and the baseline PINN method (blue solid line with dots).
From left to right, the plots correspond to four different time points: t= 0.75, 0.5, 0.25, 0. The first
row shows the results of the absolute error integrated with respect to the angle \theta , while the second
row presents the results of the absolute error integrated with respect to the radius r.

Table 3
The relative L2 errors between the solutions of (3.4) (obtained by Constraint-Informed BSDE

method and baseline PINN), and the ``exact"" solution (obtained by approximating the probability
density through simulating 109 trajectories using the Monte Carlo method) at four time instants
t= 0.75, 0.5, 0.25, 0.

t 0.75 0.5 0.25 0

PINN 0.0422 0.0798 0.0880 0.0964
EL2 Ours 0.0553 0.0428 0.0483 0.0525

absolute errors of the solutions to (3.4) relative to the ``exact"" solutions (obtained by
approximating the probability density through the independent simulation of 109 tra-
jectories via the Monte Carlo method) obtained by the Constraint-Informed BSDE
method (red solid line with stars) and the baseline PINN method (blue solid line
with dots) at time instants t = 0.75, 0.5, 0.25, 0 (from left column to right column).
Both methods are trained without any other operations, using the Adam optimizer
with a learning rate of 10 - 3 and a batch size of 512, and 104 iteration steps. It
can be shown that the absolute errors of the Constraint-Informed BSDE method are
comprehensively smaller than that of the solutions obtained by the baseline PINN
method. Table 3 presents the relative L2 errors of the baseline PINN method and
our proposed Constraint-Informed BSDE algorithm at the four aforementioned time
instants, from which it can be can be observed that the relative L2 error of the latter
remains basically stable at the order of \scrO (10 - 2), whereas the relative L2 error of the
former not only lies at the order of \scrO (10 - 1) but also accumulates continuously over
time.

3.4. Diffusion on a sphere. We consider the diffusion equation on a sphere,
which is expressed as\left\{   

\partial 

\partial t
p(t, x(\theta ,\phi )) +D\Delta Sp(t, x(\theta ,\phi )) = 0, (t, \theta ,\phi )\in [0, T ]\times [0, \pi ]\times [0,2\pi ],

p(T,x(\theta ,\phi )) = p0(x(\theta ,\phi )), (\theta ,\phi )\in \times [0, \pi ]\times [0,2\pi ],
(3.5)
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Fig. 6. Plots the top views of the absolute errors (obtained by summing the absolute errors at
symmetric points between the northern and southern hemispheres) of the solutions to (3.5) obtained
by the baseline PINN method (first row) and the Constraint-Informed BSDE method (second row)
at time instants t = 0.75, 0.5, 0.25, 0 (from left column to right column), relative to the ``exact""
solutions. The ``exact"" solutions are got by approximating the probability density through simulating
108 trajectories using the Monte Carlo method.

where D is the diffusion coefficient and \Delta S is the Laplace--Beltrami operator on the
sphere. The solution to (3.5) represents the distribution of the Brownian particles
undergoing free motion on the unit sphere. Among the components involved, the
Laplace--Beltrami operator exhibits singularity (when \theta \rightarrow 0, \pi ); however, this sin-
gularity is a ``nonphysical"" characteristic. Thus, we utilize this example to test the
performance of the Constraint-Informed BSDE method under manifold constraints.

We set T = 1, D= 0.5, N = 100,

p0(x(\theta ,\phi )) =

\left\{   
1

sin\theta 
,

\pi 

4
\leq \theta \leq 3\pi 

4
,

0 otherwise,

and obtain the solutions of (3.5) using the Constraint-Informed BSDE method and
the baseline PINN. Figure 6 shows the top views of the absolute errors (obtained by
summing the absolute errors at symmetric points between the northern and south-
ern hemispheres) of the solutions to (3.5) obtained by the baseline PINN method
(first row) and the Constraint-Informed BSDE method (second row) at time instants
t = 0.75, 0.5, 0.25, 0 (from left column to right column), relative to the ``exact""
solutions. The ``exact"" solutions are got by approximating the probability density
through simulating 108 trajectories using the Monte Carlo method. Both methods are
trained without any other operations, using the Adam optimizer with a learning rate
of 10 - 3 and a batch size of 512, and 104 iteration steps. It can be observed that our
algorithm significantly outperforms the baseline PINN.

Table 4 presents the relative L2 errors of PINN and the Constraint-Informed
BSDE method at the four time instants. It can be observed that the relative L2

errors of these two methods remain basically stable, while the error of the Constraint-
Informed BSDE method is smaller.

3.5. Multiple microtubule search. We consider the search model of P mi-
crotubules, and the corresponding macroscopic equation can be expressed as

\partial 

\partial t
p(t, x(\theta 1, \phi 1), . . . , x(\theta P , \phi P )) +

P\sum 
i=1

D

r2i
\Delta Si

p(t, x(\theta 1, \phi 1), . . . , x(\theta P , \phi P )) = 0(3.6)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/2

7/
26

 to
 1

61
.8

1.
19

1.
15

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



DEEP LEARNING FOR PDEs ON MANIFOLD WITH BCs C1395

Table 4
The relative L2 errors between the solutions of (3.5) (obtained by Constraint-Informed BSDE

method and baseline PINN), and the ``exact"" solution (obtained by the Monte Carlo method) at four
time instants t= 0.75, 0.5, 0.25, 0.

t 0.75 0.5 0.25 0

PINN 0.0291 0.0228 0.0234 0.0214
EL2 Ours 0.0221 0.0262 0.0144 0.0084

with the Neumann boundary conditions \nabla xi
p \cdot ni| x(\theta i,\phi i)\in \partial \Omega i

= 0, i = 1, . . . , P , and
the terminal condition p| t=T = p0. This model describes the process of P indepen-
dently rotating microtubules with respective lengths ri, i = 1, . . . , P , searching for
chromosomes within a cell [18], and can also describe P independent Brownian parti-
cles diffuse on the unit sphere with different diffusion coefficients Di, i = 1, . . . , P .
Due to the constraint of cell volume, the microtubules undergo mirror reflection
upon contacting the cell membrane. In this model, the cell is treated as a sphere
B([0,0,R]T ,R) with center [0,0,R]T and radiusR, and the microtubules rotate around
the origin. Since microtubules of different lengths correspond to different polar an-
gle ranges, their search regions and reflective boundaries are also distinct (here,
\Omega i = \{ x(\theta i, \phi i); 0 \leq \theta i < arccos(ri/2R),0 \leq \phi i < 2\pi \} ). A single cell typically con-
tains multiple microtubules, so this model is a high-dimensional problem. Thus, we
test the performance of the Constraint-Informed BSDE method in solving problems
involving complex domains with reflective boundary conditions by using this example.

Firstly, to test the performance of the Constraint-Informed BSDE method in
solving problems with Neumann boundary conditions on the sphere, we consider a
low-dimensional case. Therefore, we set P = 1, T = 1, D= 0.1, r1 = 1, R= 2, N = 100,
and

p0(x(\theta ,\phi )) =

\Biggl\{ 
1, \theta <

\pi 

4
,

0 otherwise.

Figure 7 illustrates the performance of PINN and the Constraint-Informed BSDE
method on this problem. The ``exact"" solution is obtained via the Monte Carlo
method, which approximates the expectation using the sample mean by stochastically
simulating 107 independent particle trajectories to approach the stochastic represen-
tation given in (2.10). It can be observed that the errors obtained by the two methods
are basically the same.

Figure 8 shows the relationship between the L2 relative error (with respect to
(3.6), compared with the ``exact"" solution obtained by Monte Carlo method) and
the number of iterations for the two deep learning methods in low-dimensional case
(P = 1). It is evident that both methods converge rapidly, while the Constraint-
Informed BSDE method exhibits greater stability.

Then, we aim to the high-dimensional case P = 3. We set T = 1, D= 0.1, r1 = 1,
r2 = 1.3, r3 = 1.5, R= 2, N = 100, and

p0(x(\theta 1, \phi 1), x(\theta 2, \phi 2), x(\theta 3, \phi 3)) =

\Biggl\{ 
1, \theta i <

\pi 

4
, i= 1,2,3,

0 otherwise.

We focus on the solution p(t = 0, x1 = [0,0,1]T , x2 = [0,0,1]T , x(\theta 3, \phi 3)). For the
Constraint-Informed BSDE method, benefiting from the existence and uniqueness
theory of BSDE, we only need to generate samples with initial values within our in-
terest region. In contrast, for PINN, it is necessary to generate both global samples
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Fig. 7. Plots the top view of the solutions (left column) to (3.6) for low-dimensional case
(P = 1) obtained by the baseline PINN (first row), the Constraint-Informed BSDE method
(second row), and their absolute errors compared with the exact solutions (right column, obtained
by Monte Carlo method).
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Fig. 8. Plots of the relationship between the L2 relative error (with respect to (3.6), compared
with the ``exact"" solution obtained by Monte Carlo method) and the number of iterations for the
Constraint-Informed BSDE method (red solid line with stars) and the PINN method (blue solid line
with dots) in low-dimensional case (P = 1).

and boundary samples, along with fine-tuning of the corresponding parameters.
Figure 9 shows the performance of PINN and the Constraint-Informed BSDE method
on this high-dimensional problem. The ``exact"" solution is obtained via the Monte
Carlo method, which approximates the expectation using the sample mean by
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Fig. 9. Plots the top view of the solutions (left column) to (3.6) for high-dimensional case
(P = 3) obtained by the baseline PINN (first row), the Constraint-Informed BSDE method (second
row), and their absolute errors compared with the exact solutions (right column, obtained by Monte
Carlo method).

stochastically simulating 105 independent particle trajectories to approach the sto-
chastic representation given in (2.10). It can also be observed that the results obtained
by PINN are slightly inferior to those of the Constraint-Informed BSDE method.

Figure 10 shows the relationship between the L2 relative error (with respect to
(3.6), compared with the ``exact"" solution obtained by Monte Carlo method) and
the number of iterations for the two deep learning methods in high-dimensional case
(P = 3). It can be observed that the Constraint-Informed BSDE method converges
rapidly, exhibits higher accuracy than the baseline PINN, and demonstrates strong
stability.

3.6. Multiple microtubules capture a kinetochore. As the primary method
of cell division, mitosis can be divided into five stages: prophase, prometaphase,
metaphase, anaphase, and telophase. Among these, the mechanism controlling the
distribution of chromosomes into daughter cells is crucial. Errors in this distribution
may lead to a range of diseases, such as phenotypic defects, tumors, and aging [10].
Mitosis primarily ensures accurate chromosome segregation during anaphase through
the capture of kinetochores by microtubules, a process that mainly occurs during
prometaphase [8]. The movement of the tip of a microtubule with a fixed length
can be regarded as a normal rotational search process around the centrosome, while
kinetochores undergo normal free movement within the cell [18]. We consider a model
where P microtubules capture a single kinetochore, and its corresponding macroscopic
equation can be expressed as
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Fig. 10. Plots of the relationship between the L2 relative error (with respect to (3.6), compared
with the ``exact"" solution obtained by Monte Carlo method) and the number of iterations for the
Constraint-Informed BSDE method (red solid line with stars) and the PINN method (blue solid line
with dots) in high-dimensional case (P = 3).

\partial 

\partial t
p(t, x(\theta 1, \phi 1), . . . , x(\theta P , \phi P ), y) +Dy\Delta yp(t, x(\theta 1, \phi 1), . . . , x(\theta P , \phi P ), y)

+

P\sum 
i=1

Dx

r2i
\Delta Sip(t, x(\theta 1, \phi 1), . . . , x(\theta P , \phi P ), y) = 0

(3.7)

with the Neumann boundary conditions \nabla xi
p \cdot ni| (\theta i,\phi i)\in \partial \Omega i

= 0, i = 1, . . . ,M , and
\nabla yp \cdot ny| y\in \partial B = 0, the Dirichlet boundary condition p| | x(\theta i,\phi i) - y| <a = 0, and the
terminal condition p| t=T = p0. Here, x(\theta i, \phi i) denotes the rotational position of the
ith microtubule, y is a 3-dimensional space variable, representing the position of the
kinetochore, B = B([0,0,R]T ,R) represents the cellular region, \Omega i = \{ x(\theta i, \phi i); 0 \leq 
\theta i < arccos(ri/2R),0\leq \phi i < 2\pi \} denotes the rotational region of the ith microtubule,
and the solution p represents the number of cells (or cell density, or probability)
where the tip of the ith microtubule is at position x(\theta i, \phi i) and the kinetochore is at
position y. Since the entire cell disappears as soon as any microtubule captures the
target kinetochore (absorbing boundary condition), this model describes the survival
probability density of a kinetochore captured by P microtubules [18]. Owing to the
constraint of cell volume, both the microtubule tips and kinetochores will rebound
back into the sphere via mirror reflection upon contacting the boundary. Due to
the complexity of the boundaries in this high-dimensional problem, it is extremely
difficult to perform sampling for the stable training of PINN; therefore, we use this
example to test the performance of the Constraint-Informed BSDE method in solving
high-dimensional problems with mixed boundary conditions.

We consider the scenario where a single kinetochore is being captured by four
microtubules, i.e., P = 4. Therefore, we set Dx = 0.5, Dy = 1, r1 = 1, r2 = 1.3,
r3 = 1.5, r4 = 1.8, a= 0.1, T = 1, N = 100,

p0(x(\theta 1, \phi 1), . . . , x(\theta 4, \phi 4), y) =

\Biggl\{ 
1, 2.1< y3, \theta i <

\pi 

4
, i= 1, . . . ,4,

0 otherwise,

and a learning rate of 5\times 10 - 4. Figure 11 shows the variation of the solution to (3.7)
(obtained by the Constraint-Informed BSDE method) with the number of iterations
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Fig. 11. Plots of the variation of the solution to (3.7) (obtained by the Constraint-Informed
BSDE method) with the number of iterations at the fixed position t = 0, \^x = [0,0,1,0,0,1,0,0,
1,0,0,1]T , \^y= [0,0,1]T (left), as well as the variation of its relative error (right).

at the fixed position t= 0, \^x= [0,0,1,0,0,1,0,0,1,0,0,1]T , \^y= [0,0,1]T (left), as well
as the variation of its relative error (right); it can be observed that the deep learning
results converge after 103 iterations and stabilize around the exact solution, where
the exact solution 0.035158 is obtained by independently sampling 109 particles via
the Monte Carlo method and approximating stochastic representation (2.10) using
the sample mean.

4. Conclusion. In this paper, based on the physical meaning of boundary con-
ditions, we derive the BSDEs that the solutions to PDEs with complex mixed bound-
ary conditions (Neumann and Dirichlet boundary conditions) on a sphere satisfy,
which comply with the existence and uniqueness theory of BSDEs with stopping
time [14, 11, 2, 13, 12]. Furthermore, we develop a corresponding deep learning al-
gorithm, named as the Constraint-Informed BSDE method. A major advantage of
the Constraint-Informed BSDE method is that it does not require considering the
sampling of boundary points and terminal time (corresponding to the initial time
in the original problem) by training neural networks to get the solution at any at-
tention point without requiring a whole solution to be computed. Thus, it is more
consistent with ``physics-informed"" deep learning method. Finally, extensive numeri-
cal experiments demonstrate that, without any additional fine-tuning operations, deep
Constraint-Informed BSDE method is more convenient, more accurate, and more sta-
ble than the baseline PINN when solving problems with complex boundary conditions.
Deep Constraint-Informed BSDE method can be extended to solve PDEs on general
manifolds and problems in other complex domains, which will be our future work.
Owing to the connection between BSDEs and the stochastic microscopic models used
in deriving the equations [1, 17], we will also explore algorithms for complex domains
that integrate data and mechanism in our future work.

Appendix A. Derivation of (2.9). For each 0\leq t\leq \scrT , we have

p(t,XS(t),XE(t)) - p(0,XS(0),XE(0))

=
\sum 

0\leq s<t

[p(s+ ds,XS(s+ ds),XE(s+ ds)) - p(s,XS(s),XE(s))]

=
\sum 

0\leq s<t

\BbbI \{ ( \~XS(s+ds), \~XE(s+ds))\in \Omega \} [p(s+ ds,XS(s+ ds),XE(s+ ds))

 - p(s,XS(s),XE(s))]
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+
\sum 

0\leq s<t

\BbbI \{ ( \~XS(s+ds), \~XE(s+ds))/\in \Omega \} [p(s+ ds,XS(s+ ds),XE(s+ ds))

 - p(s,XS(s),XE(s))]

= I + II.

We first assume dS = 1. For the first term I, by using definitions (2.4)--(2.7), property
(2.3), and It\^o's formula, one can get

p(s+ ds,XS(s+ ds),XE(s+ ds)) - p(s,XS(s),XE(s))

= p(s+ ds,T (XS1
(s)) - 1x(\pi /2 +

\sqrt{} 
2D1dB\theta 1(s),

\sqrt{} 
2D1dB\phi 1

(s)),XE(s+ ds))

 - p(s,T (XS1
(s)) - 1x(\pi /2,0),XE(s))

= pXS1
(s)(s+ ds,x(\pi /2 +

\sqrt{} 
2D1dB\theta 1(s),

\sqrt{} 
2D1dB\phi 1

(s)),XE(s+ ds))

 - pXS1
(s)(s,x(\pi /2,0),XE(s))

= - f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds

+
\sqrt{} 
2D1[\nabla \theta ,\phi pXS1

(s)(s,x(\pi /2,0),XE(s))]
T dBS1

(s)

+\nabla EpXS1
(s)(s,x(\pi /2,0),XE(s))\sigma (s,XE(s))dBE(s)

= - f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds

+
\sqrt{} 
2D1[\nabla \theta ,\phi p(s,T (XS1

(s)) - 1x(\pi /2,0),XE(s))]
T dBS1

(s)

+\nabla Ep(s,T (XS1
(s)) - 1x(\pi /2,0),XE(s))\sigma (s,XE(s))dBE(s)

= - f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds

+
\sqrt{} 
2D1[\nabla S1p(s,XS(s),XE(s))]

TT (XS1(s))
 - 1\nabla \theta ,\phi (\pi /2,0)dBS1(s)

+\nabla Ep(s,XS(s),XE(s))\sigma (s,XE(s))dBE(s).

For the second term II, by using definitions (2.4)--(2.7), the Neumann boundary con-
dition \partial 

\partial np(t, xS , xE)| (xS ,xE)\in \Gamma 1
= h(t, xS , xE), and following a derivation similar to

the above, one can get

p(s+ ds,XS(s+ ds),XE(s+ ds)) - p(s,XS(s),XE(s))

= - f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds

+
\sqrt{} 
2D1[\nabla S1

p(s,XS(s),XE(s))]
TT (XS1

(s)) - 1\nabla \theta ,\phi (\pi /2,0)dBS1
(s)

+\nabla Ep(s,XS(s),XE(s))\sigma (s,XE(s))dBE(s)

+\nabla S1
p(s,XS(s),XE(s)) \cdot nS1

(XS1
(s))d| RS1

| (s)
+\nabla Ep(s,XS(s),XE(s)) \cdot nE(XE(s))d| RE | (s)

= - f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds

+
\sqrt{} 

2D1[\nabla S1
p(s,XS(s),XE(s))]

TT (XS1
(s)) - 1\nabla \theta ,\phi (\pi /2,0)dBS1

(s)

+\nabla Ep(s,XS(s),XE(s))\sigma (s,XE(s))dBE(s)

 - h(s,XS(s),XE(s)) (d| RS1
| (s) + d| RE | (s)) ,

where d| RSi
| (s) and d| RE | (s) are defined in section 2.1. Then, for any dS , following

the same derivation as above, one can obtain

p(t,XS(t),XE(t)) - p(0,XS(0),XE(0))

= - 
\int t

0

f
\bigl( 
s,XS(s),XE(s), p(s,XS(s),XE(s)),

\bigl( 
\sigma T\nabla Ep

\bigr) 
(s,XS(s),XE(s))

\bigr) 
ds
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+

\int t

0

\sqrt{} 
2D1[\nabla S1p(s,XS(s),XE(s))]

TT (XS1(s))
 - 1\nabla \theta ,\phi (\pi /2,0)dBS1(s)

+

\int t

0

\nabla Ep(s,XS(s),XE(s))\sigma (s,XE(s))dBE(s)

 - 
\int t

0

h(s,XS(s),XE(s))

\Biggl( 
dS\sum 
i=1

d| RSi
| (s) + d| RE | (s)

\Biggr) 
.

Finally, by adjusting the integral interval to [t\wedge \scrT ,\scrT ], one can get (2.9).

Reproducibility of computational results. This paper has been awarded
the ``SIAM Reproducibility Badge: Code and data available"" as a recognition that
the authors have followed reproducibility principles valued by SISC and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://github.com/WANGH950/CIBSDE and in the sup-
plementary materials (M182682 Supplementary Materials.zip [local/web 82.5MB]).
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